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The aim of this course is to gain an understanding of the role of phase transformations w.r.t.
heat treatment on the development of microstructure and properties of metallic materials. The
course will highlight a number of commercially-significant applications where phase
transformations due to heat treatment are important.
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Course ObjectiveCourse Objective

Course OverviewCourse Overview

Thermodynamics of phase transformations; solidification of pure metals and alloys; thermal
supercooling; constitutional supercooling; interface stability; solute redistribution; Solid state

Learning OutcomesLearning Outcomes

Enhanced critical thinking, analytical and problem solving skills in materials science and
engineering. An understanding of the principles underlying liquid-to solid and solid-state phase
transformations in a range of materials. An understanding of the importance of phase
transformations w.r.t. heat treatment for controlling microstructure and properties in
engineering alloys.

supercooling; constitutional supercooling; interface stability; solute redistribution; Solid state
transformations : nucleation and growth of phases; diffusion mechanisms; transformation
kinetics; transformation diagrams. Diffusional and Diffusionless transformations:
decomposition of solid solutions; ordering reactions, spinodal decomposition; eutectoid,
bainitic, martensitic transformations Heat treatment processes, concept of Hardenability and
Cast Irons.
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Monolithic

MaterialsMaterials

Hybrids

Ceramics & Glasses

Metals (& Alloys)

Polymers (& Elastomers)

Sandwich

Composite

Composites: have two (or more) 
solid components; usually one is a 
matrix and other is a reinforcement

Sandwich structures: have a 
material on the surface (one 
or more sides) of a core 
material

Classification of materials

Polymers (& Elastomers)

Lattice

Segment

Lattice* Structures: typically a 
combination of material and space 
(e.g. metallic or ceramic forms, 
aerogels etc.). 

Segmented Structures: are 
divided in 1D, 2D or 3D 
(may consist of one or 
more materials).

*Note: this use of the word ’lattice’ should not be confused with the use of the word in connection with crystallography.

Hybrids are 
designed to improve 
certain properties of 
monolithic materials
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Atom Structure

Crystal

Electro-

Microstructure Component

Thermo-mechanical 
Treatments

� Casting
� Metal Forming
� Welding
� Powder Processing
� Machining

Length scales in metallurgy

Electro-
magnetic Phases Defects+

� Vacancies
� Dislocations
� Twins
� Stacking Faults
� Grain Boundaries
� Voids
� Cracks

+ Residual Stress

Processing determines shape and microstructure of a component

& their distribution

� Structure could imply two types of structure:
� Crystal structure
� Electromagnetic structure
� Fundamentally these aspects are two sides of the same 
coin

� Microstructure can be defined as:
(Phases + Defect Structure + Residual Stress) and their 
distributions

� Microstructure can be �tailored� by thermo-mechanical
treatments
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Dislocation Stress fields

Let us start with a cursory look at the length scales involved in Materials Science

Length scales in metallurgy

Unit Cell* Crystalline Defects Microstructure Component

*Simple Unit Cells

Angstroms
Dislocation Stress fields

� Nanometers Microns Centimeters

Grain Size
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Transformations in Materials

Phases Defects Residual stress

Defect structures can changePhases can transform Stress state can be altered

Phase 
transformation

Defect structure
transformation

Stress-state
transformation

Geometrical Physical

MicrostructurePhases

Microstructural TransformationsPhases Transformations

Structural Property
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Classification of Transformations

� The thermodynamic characteristics
associated with the phase transformations
can be used to classify transformations; in
this classification methodology, if the nth

derivative of free energy (G) with respect to
temperature (T) and pressure (P) is
discontinuous, it is defined as the nth order
transformation.

� As shown in Fig., in transformations such as
melting, the first derivative has themelting, the first derivative has the
discontinuity; hence, melting is a first order
transformation; on the other hand, in some
of the order/disorder transformations, it is
the second derivative which is
discontinuous, making it the second order
transformation.

Figure: The thermodynamic classification of transformations:
the first derivative of the free energy �G� with respect to
temperature �T� , that is the enthalpy �H� is discontinuous a t the
transformation temperature Tc as shown in the first column; the
second derivative of the free energy with respective to
temperature Cp is discontinuous while �H� is not in the second
column, making the order of transformation second.
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Classification of Transformations

Classification of Transformations

Heterogeneous Transformations Homogeneous Transformations

(nucleation and growth)
Spinodal decomposition

Order-disorder transformation

GROWTH CONTROLLED GROWTH CONTROLLED BY GROWTH CONTROLLED BY A THERMAL GROWTH CONTROLLED
BY HEAT TRANSFER

GROWTH CONTROLLED BY
HEAT AND MASS TRANSFER

GROWTH CONTROLLED BY
THERMALLY ACTIVATED  
MOVEMENTS OF ATOMS

A THERMAL 
GROWTH

Solidification of pure metals Solidification of alloys Martensite 
transformations

SHORT RANGE TRANSPORT LONG RANGE TRANSPORT

(interface controlled)

Continuous Reaction Discontinuous ReactionPolymeric transformations
Massive transformations
Recrystallization
Grain growth, etc. Precipitation dissolution Eutectoid reactions

Discontinuous precipitation
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� Phase transformations can be classified as homogeneous (transformations which take place
through spinodal mechanism in which transformation takes place throughout the material)
and heterogeneous (transformations which take place through nucleation and growth
mechanism in which transformation takes place heterogeneously at a few places in the
material at the start of the transformation).

� Transformations can also be classified as diffusional (or, so called, ‘civilian’) and
diffusionless (or, so called ‘military’) depending on the mechanism. In civilian
transformations, the nucleation and growth take place via diffusion assisted atomic motion.
On the other hand, in the military transformation, the nucleation and growth is by shear and
shuffle of atoms by less than one atomic displacement and the movement of all the

Classification of Transformations

shuffle of atoms by less than one atomic displacement and the movement of all the
participating atoms is coordinated.

� There are transformations which are thermally activated (which typically are based on
diffusion) while there are others which are athermal.

� The transformations can also be diffusion controlled or interface controlled.

� Transformations can also be differentiated based on whether the interfaces formed are
glissile or nonglissile.

� In some transformations there are compositional changes while in some other there are no
composition changes.

� Further, transformations which are diffusional can either involve long range diffusion or
short range diffusion. �




1. What is a Phase transformation? How it is depending on Heat treatment?

2. How do the thermodynamic parameters such as G, H, V and Cp vary with temperature for
first and second order transformations

3. Explain the classification of phase transformations.

4. What is meant by Glissile transformations?

5. Can a ferromagnetic to paramagnetic change be described as an order-disorder
transformation? Explain

6. Give two examples of phase transformations where the proper control of the transformation
can result in different combinations of properties.

Questions?

can result in different combinations of properties.

7. List the possible differences in the nature of short-range diffusion in a polymorphic
transformation versus an order-disorder transformation.

8. What types of phase changes require long-range diffusion?

9. In what type of transformation is a composition change not possible?

10. Consider a transformation in which there is a large volume change during transformation.
What is the order of such transformation?
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Introduction

� The fields of Thermodynamics and Kinetics are vast oceans and this chapter will introduce
the bare essentials required to understand the remaining chapters.

� Let us start by performing the following (thought) experiment:
Heat a rod of Al from room temperature to 500°C → As expected the rod will expand 
(A � B in figure below).

� The expansion occurs because of two reasons: 
1� Vibration of atoms (leading to an increase in average spacing between atoms� the 
usual reason) (A � M in figure below).

� 2� Increase in the concentration of vacancies* (a vacancy is created when a Al atom goes� 2� Increase in the concentration of vacancies* (a vacancy is created when a Al atom goes
to the surface and for every 4 vacancies created the volume equal to 1 unit cell is added). (M

� B in figure below). The 2nd reason is a smaller effect in terms of its contribution to the overall
increase in length of the specimen

* It costs energy for the system to put vacancies (broken bonds, distortion to the lattice)
→ then why does the system tolerate vacancies?

Metal expands on 
heating due to 2 different 

physical reasons!
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� Let us next consider the melting of a pure metal at its melting point (MP) (at
constant T and P) � by supplying heat to the sample of metal (so that the metal
sample is only partly molten). At the MP the liquid metal is in equilibrium with the
solid metal.

� The liquid has higher potential energy as well as higher kinetic energy than the
solid.

� Then why does the liquid co-exist with the solid?

� The answer to this question lies in the fact that internal energy is not the measure

Introduction

� The answer to this question lies in the fact that internal energy is not the measure
of stability of the system (under the circumstances).

� We will learn in this chapter that it is the Gibbs Free Energy (G). The molten metal
has higher energy (internal energy and enthalpy), but also higher Entropy. So the
melting is driven by an increase in Entropy of the system. The molten metal and
the crystalline solid metal have the same G� hence they co-exist in equilibrium.
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Stability and Equilibrium

� Equilibrium refers to a state → wherein there is a balance of �forces�* (as we shall see
equilibrium points have zero slope in a energy-parameter plot)

� Stability relates to perturbations (usually small perturbations** about an equilibrium state)
(as we shall see stable relates to the curvature at the equilibrium points).

� Let us start with a simple mechanical system � a rectangular block (Figure in next slide)
(under an uniform gravitational potential).

� The potential energy (PE) of the system depends on the height of the centre of gravity (CG).

� The system has higher PE when it rests on face-A, than when it rests on face-B.

� The PE of the system increases when one tilts it from C1� C2 configuration.

� In configurations such as C1,C2 & C3 the system will be in equilibrium (i.e. will not change
its configuration if there are no perturbations).

� In configuration C2 the system has the highest energy (point B) and any small perturbations
to the system will take it downhill in energy� Unstable state.

� Configuration C3 has the lowest energy (point C) and the system will return to this state if
there are small perturbations� the Stable state.

* Force has been used here in a generalized sense (as an agent which can cause changes)

** Perturbation is usually a small �force/displacement� imposed in a short span of time.
	�



Mechanical Equilibrium of a Rectangular Block
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� Configuration C1 also lies in an �energy well� (like point C) and small p erturbations will
tend to bring back the system to state C1. However this state is not the �global energy
minimum and hence is called a Metastable state.

� Additionally, one can visualize a state of neutral equilibrium, like a ball on a plane (wherein
the system is in a constant energy state with respect to configurations).

� Points to be noted:

� A system can exist in many states (as seen even for a simple mechanical system: block on a
plane)

� These states could be stable, metastable or unstable

Stability and Equilibrium

� These states could be stable, metastable or unstable

� Using the relevant (thermodynamic) potential the stability of the system can be
characterized (In the case of the block it is the potential energy, measured by the height of the CG for
the case of the block on the plane)

� System will �evolve� towards the stable state provided �sufficient activation� is
provided (in the current example the system will go from C1 to C3 by �sufficient jolting/shaking� of
the plane)

Three kinds of equilibrium (with respect to energy)

� Global minimum� STABLE STATE

� Local minimum�METASTABLE STATE

� Maximum� UNSTABLE STATE
		



� Zeroth law of Thermodynamics
If two systems are each in thermal equilibrium with a third, then all three are in
thermal equilibrium with each other. (Similar to the transitive property of equality
in mathematics; i.e. If a = b and b = c, then a = c)

� � �
�

No heat flows
(A is in equilibrium with B) 

No heat flows
(B is in equilibrium with C) 

If & Then � �

No heat flows
(A is in equilibrium with C) 

Law�s of Thermodynamics

� First law of Thermodynamics
This is a statement of the conservation of energy i.e. When heat (Q) is added to a
system, it increases the internal energy (�U) of the system and the system does
some work (W) on the external world.
�U = Q � W

For infinitesimal change of the state,
dU = �Q � �W

Signs of Q and W

Q Positive System gains heat

Q Negative System loses heat

W Positive Work done by system

W Negative Work done on system
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� Second law of Thermodynamics:
In an isolated system, natural processes are spontaneous when they lead to an
increase in disorder, or entropy i.e. The entropy of a system in an adiabatic
enclosure always increases for spontaneous/irreversible processes and remains
constant during a reversible process but it never decreases.

Entropy S is defined by the equation

and is a function of state.

Law�s of Thermodynamics

Q
dS revδ= and is a function of state.

� Third law of Thermodynamics:
The entropy of a perfect crystal is zero when the temperature of the crystal is equal
to absolute zero (0 K).

T

Q
dS revδ=

0
lim 0
T

S
→

∆ =
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Thermodynamic parameters

� In Materials Science we are mainly interested with condensed matter systems (solids and
liquids) (also sometimes with gases)

� The state of such a system is determined by �Potentials� analogous to the potential energy of
the block (which is determined by the centre of gravity (CG) of the block).
These potentials are the Thermodynamic Potentials (A thermodynamic potential is a Scalar
Potential to represent the thermodynamic state of the system).

� The relevant potential depends on the �parameters� which are being held const ant and the
parameters which are allowed to change. More technically these are the
State/Thermodynamic Variables (A state variable is a precisely measurable physicalState/Thermodynamic Variables (A state variable is a precisely measurable physical
property which characterizes the state of the system- It does not matter as to how the system
reached that state). Pressure (P), Volume (V), Temperature (T), Entropy (S) are examples of
state variables.

� There are 4 important potentials (in some sense of equal stature). These are: Internal Energy,
Enthalpy, Gibbs Free Energy, Helmholtz Free Energy.

� Intensive properties are those which are independent of the size of the system
� P, T

� Extensive Properties are dependent on the quantity of material
� V, E, H, S, G

	




Thermodynamic parameters

� Gibb�s free energy , G can be expressed as G = H-TS

� H � enthalpy (J/mol) , T � temperature in K, S � entropy (J/mol. K)

� Further H= E+PV

� E � Internal energy (J/mol), P � Pressure (N/m 2) , V � Volume (m 3/mol)

� In the solid state, the term PV is in general very small (in the temperature and
pressure range we consider) and can be neglected.

� On the other hand, internal energy of metals is in the order of kJ/mol. So PV term
is less than even 1%.is less than even 1%.

� Internal energy has two components:

� Potential energy , which depends on atomic bonds and

� Kinetic energy , which depends on the vibration of atoms at their lattice
position

� The relation can be rewritten as H = G + TS

� H measures the total energy of the body

� TS measures the useless energy that is the energy which can�t be spent for any
work or transformation.
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Thermodynamic parameters

� So the Gibb�s free energy is defined as the energy that can be � set free� at a
particular pressure to do the work or make a particular transformation possible

� Similarly at a particular volume the free energy is called Helmoltz free energy, F,
expressed as

F = E � TS
� We shall consider the Gibb�s free energy since we are going to consider the

transformations under constant pressure.
� To determine Gibb�s free energy, we need to determine enthalpy and entropy of the

system.
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Relation between enthalpy and specific heat

� Let us first consider a single component system.

� If we keep the system isolated and do not allow it to interact with the surroundings, the
internal energy of the system will not change. This is actually a closed system.

� However, if the system is allowed to interact with the surroundings (that is if it acts as a
open system) internal energy might change.

� Suppose the system does work �W in the surroundings and takes heat �Q from the system,
then according to the first law of thermodynamics, the change in internal energy of the
system is

WQdE δδ −=

� So after spending some energy for work, rest of the energy is added to the system to
increase the internal energy.

� Here exact differential is used for energy because it does not depend on the path and
function of the state only. On the other hand heat and work depend on the path.

� If a system changes its volume by dV at a constant pressure P, the work can be expressed as
dW = PdV

� So, dE = �Q-PdV, we know H = E+PV

dH = dE+PdV+VdP

dH = dQ + VdP

WQdE δδ −=
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Relation between enthalpy and specific heat

� If we divide by dT on both sides we get 

� Specific heat capacity, Cp at a constant pressure is defined as the heat required to increase
the temperature of the system by one degree. So it can be expressed as

� After integration, we can write

dT

dP
V

dT

Q

dT

dH += δ

PP
P dT

dH

dT

Q
C �

�

�
�
�

�=�
�

�
�
�

�= δ

� HT , H0 , and �H298 are the enthalpies at temperature, T, 0, and 298K respectively

� Note that we can not measure absolute thermodynamic values. We rather measure a relative
value, H298 is considered as reference value.

� For pure metals it considered as zero.

dTCdH
T

p

H

H
�� =
00

dTCHH
T

pT �+=
0

0

dTCHH
T

pT �+∆=
298

298
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Relation between entropy and specific heat

� As explained before, the knowledge on entropy (which cannot be spent to do a work) is
required to determine how much energy is available (free energy) in a system to do useful
work from the total heat content or enthalpy.

� Second law of thermodynamics states that the entropy of a system will either remain the
same or try to increase.

� When system moves from one equilibrium state 1 to another equilibrium state 2 by
changing heat of �Q, the entropy S in a reversible process can be defined as

�=−
2

1

12 T

Q
SS

δ

� The value at zero Kelvin is zero and considered as the reference state for entropy, so that the
entropy at any temperature T can be expressed as

� Previously we have seen from the relation H = E + PV and using the first law of
thermodynamics

�Q = dH

� We know dH = Cp dT, So the entropy at T can be expressed as

1 T

�=
T

T T

Q
S

0

δ

�=
T

P
T dT

T

C
S

0
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Relation between entropy and specific heat

� Sometimes value of the entropy at the standard state (298 K) is available and can written as

� So the free energy at temperature, T can be determined

�+∆=
T

P
T dT

T

C
SS

298

298

�� �
�
�

�
�
�
�

�
+∆−+∆=

−=
T

P
T

PT

TTT

dT
T

C
STdTCHG

TSHG

298298

� Specific heat is expressed as

� Specific heat is expressed in terms of empirical formula as

expressed above.

� In general the constant values are available in the data book.

� �

��

�
�
�

�
�
�
�

�
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�
�
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�

T T
P

PT

PT

dT
T

C
STdTCG

T

298 298

298

298

298

298
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In pure elements

2T

C
BTACP −+= A, B and C are constants.

Specific heat changes with temperature as shown in the figure��



Single component system

This line slopes upward as at constant
T if we increase the P the gas will
liquefy as liquid has lower volume
(similarly the reader should draw
horizontal lines to understand the effect
of pressure on the stability of various
phases- and rationalize the same).

Phase fields of non-close packed
structures shrink under higher pressurestructures shrink under higher pressure

Phase fields of close packed structures 
expand under higher pressure

These lines slope downward as: Under
higher pressure the phase with higher
packing fraction (lower volume) is
preferred
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Gibb�s free energy change with temperature in a
single component system

� An isolated system always tries to maximize the entropy. That means the system is stable
when it has maximum possible entropy.

� Instead of considering isolated system, we need to consider the system which interacts with
the surroundings because heat transfer is always with respect to the surroundings only.

� Any transformation is possible only when dS+dSSurrou � 0 where dS is the change in entropy
of the system.

� In a reversible process, when system can transform back to its previous state it is equal to
zero and in an irreversible process when the system cannot come back to its previous state iszero and in an irreversible process when the system cannot come back to its previous state is
greater than zero.

� We need to find the stability with respect to another term, for the sake of convenience,
which can be used without referring to the surroundings. We shall show now that free
energy is rather a suitable property to define stability of the phases.

� Let us consider that the system absorbs some amount of heat �Q from the system. Since the
surrounding is giving away the heat, we can write

T

Q
dSsurrou

δ−=
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Gibb�s free energy change with temperature in a
single component system

� We have seen before that in an isobaric system �Q = dH. So we can write

� We are considering isobaric system. If we consider the transformation at a particular
temperature ( T constant, dT = 0) then

0

0

≤−

≥−

TdSdH
T

dH
dS

0)(

0

≤−
≤−−

TSHd

SdTTdSdH

� So we have derived a more reasonable relation, which can be used without referring to the
surroundings.

� In an reversible process, such as allotropic transformation or the transformation from solid
to liquid or liquid to solid the free energy change is zero. There will be many irreversible
transformations (later we shall see these kinds of diffusion controlled transformations),
where dG is less than zero.

� This also indicates that a system will be stable when it has minimum free energy, so that it is
not possible to get anymore dG less than zero by any further transformation.

0

0)(

≤
≤−

dG

TSHd
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Stability of the phases in a single component system

� From previous studies, we understand that system can attain minimum free energy
by decreasing enthalpy and/or increasing entropy.

That means dH � 0 and/or dS � 0 since dH � TdS � 0
� One component can have different stable phases at different temperature and

pressure ranges, for example, solid, liquid and the gas phase.

� One phase is said to be stable, when it has lower free energy compared to other
phases in a particular range of temperature and pressure.

� Let us consider constant pressure.� Let us consider constant pressure.

� To compare the stability of different phases in a particular range of temperatures,
we need to calculate the free energy of the phases with respect to temperature.

� To determine Gibb�s free energy at a particular temperature, we need to determine
H and S. Similarly it can be calculated at every temperature to gain knowledge on
the change in free energy with temperature.

� As mentioned previously the data on specific heat are available in literature and
these parameters can be calculated.

�




Stability of the phases in a single component system

� From the definition, we know that the slope of
the enthalpy at any temperature is equal to the
specific heat at that temperature.

SdTTdSVdPPdVPdVQdG

SdTTdSVdpPdVdEdG

SdTTdSdHdG

TSHG

−−++−=
−−++=

−−=
−=

δ

)( PVEH +=

)( PdVQdE −= δ

dS
T

Q =δ

Typical variation of thermodynamic
parameters are shown in the figure.

� So at a constant pressure the slope of the free
energy curve

SdTVdPdG

SdTTdSVdPTdSdG

−=
−−+=

dS
T

=

S
T

G

P

−=�
�

�
�
�

�

∂
∂

� If we want to know whether a solid or liquid phase will be stable at a particular
temperature or in a temperature range, we need to find free energy for both the phases.

(Maxwell�s Relation)
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Stability of the phases in a single component system

� For that we need to know the variation of specific
heat with temperature for both the phases as shown
in the figure.

� Specific heat for a liquid phase is always higher than
the solid phase. That means energy required to
increase the temperature by one degree for liquid
phase is higher than the solid phase.

� Superscript, S and L denote the solid and liquid� Superscript, S and L denote the solid and liquid
phases.

� Free energy for liquid phase changes more
drastically compared to the free energy of the liquid
phase because entropy of the liquid phase is always
higher, which is the slope of the free energy.

� At melting point, free energy for both the phases are
the same and the difference between the enthalpy of
these two phases is equal to the latent heat of fusion
L.
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Stability of the phases in a single component system

� It must be apparent that one particular phase at certain temperature range will be stable, if
the free energy, G is lower of that phase than the other phase.

� At low temperature range, one particular phase will be stable, which has low enthalpy, since
�TS� term will not dominate. That is why solid phase is stable at low temperature range.

� On the other hand, at higher temperature range, phase having higher entropy will be stable
since in this range �TS� term will dominate. That is why liquid phase is stable at high
temperature range.

� This is the reason that �-Ti with close packed HCP structure is stable at low temperature� This is the reason that �-Ti with close packed HCP structure is stable at low temperature
range, whereas, at high temperature range �-Ti with relatively more open BCC structure is
stable.

� If we fix a temperature, we have seen that one material/element will be stable as one type of
phase with a particular state compared to other.

� It can stay in equilibrium if it has minimum free energy and dG=0, it indicates that for small
fluctuation it does not move to another state.
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Melting transition

Gibbs Free Energy (G) vs T, H, S
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The rate of change of transformation 
temperature as a function of pressure
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Is known as Clausius-Clapeyron equation ��



Pressure Effects 

VT

H
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∆
∆= Is also known as Clausius-Clapeyron equation
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Solid (GS)

G
  �

∆Gv

Liquid stableSolid stable

∆G � −ve

Driving force for solidification

� In dealing with phase transformations, we are often
concerned with the difference in free energy
between two phases at temperatures away from the
equilibrium temperature.

� For example if a liquid metal is under cooled by
�T below Tm before it solidifies, solidification will
be accompanied by a decrease in free energy �G
(J/mol) as shown in figure.

� This free energy decreases provides the driving

Liquid (GL)

Tm

∆T
∆G � +veUndercooling 

force for solidification. The magnitude of this
change can be obtained as follows.

� The free energies of the liquid and solid at a
temperature T are given by

SSS

LLL

TSHG

TSHG

−=

−=

Therefore, at a temperature T STHG ∆−∆=∆

Where SL HHH −=∆ and SL SSS −=∆
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Driving force for solidification

� At the equilibrium melting temperature Tm the free energies of solid and liquid are equal,
i.e., �G = 0. Consequently

� And therefore at Tm

� This is known as the entropy of fusion. It is observed experimentally that the entropy of
fusion is a constant � R (8.3 J/mol . K) for most metals (Richard�s rule).

� For small undercoolings (�T) the difference in the specific heats of the liquid and solid (

- ) can be ignored.

0=∆−∆=∆ STHG m

mm T

L

T

H
S =∆=∆

L
pC

SC

��

- ) can be ignored.

� Combining equations 1 and 2 thus gives

� i.e., for small �T

S
pC

mT

L
TLG −≅∆

mT

TL
G

∆≅∆
This is called Turnbull�s approximationThis is called Turnbull�s approximation
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� Previously we are considered one element only. Now we consider interaction between
two elements. This is not straightforward since elements can interact differently and
thermodynamic parameters may change accordingly.

� Let us consider a Binary system with elements A and B. For our analysis, we consider
XA mole of A and X B mole of B so that XA + X B = 1

� That means we consider total one mole of the system That further means we consider
total number of atoms equal to the Avogadro number, N0 (= 6.023 × 1023),

N
X i

i =Where is the number of atoms of element i.
0N

X i =Where is the number of atoms of element i.

� Unlike single component system, where we
determine the change in free energy with
temperature, in the binary case we shall find the
change in free energy with the change in
composition at different constant temperature at a
time.

� Let us consider the free energy for one mole of
element A is GA and one mole of B is GB.
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� So before mixing when kept separately, XA mole of A and X B mole of B will have the free
energy of XAGA and XBGB respectively

� After mixing there will be change in free energy

� Total free energy after mixing

� �Gmix is the free energy change of the alloy because of mixing

Total free energy before mixing BBAA GXGXG +=0

mixGGG ∆+= 0
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mix

� So, once we determine the change in free energy because of mixing, we can determine the
total free energy after mixing.

� Let us first determine, the enthalpy change because of mixing (�Hmix) and the change in
entropy because of mixing (�Smix )

� Note that system always tries to decrease enthalpy and increase entropy for stability.

mixmixmix

mix

STHG

SSTHHTSHTSHGGG

∆−∆=∆
−−−=−−−=−=∆ )()()( 00000
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The change in enthalpy because of mixing, �Hmix

� We take the following assumptions:
� The molar volume does not change because of mixing

� Bond energies between the pure elements do not change with the change in composition

� We neglect the role of other energies.

� After mixing, the system can have three different types of bonding, A-A, B-B and A-B

� Enthalpy of mixing can be expressed as

N0 - Avogrado number, Z = coordination number

ε∆=∆ BAmix XZXNH 0

� The change in internal energy
1

� The change in internal energy

� It can be written as

Where

)(
2

1
BBAAAB εεεε +−=∆

�AB is the bond energy between A and B
�AA is the bond energy between A and A
�BB is the bond energy between B and B

BAmix XXH Ω=∆

ε∆=Ω ZN0
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The change in enthalpy because of mixing, �Hmix

Situation 1: Enthalpy of mixing is zero

0=Ω=∆ BAmix XXH

That means )(
2

1
BBAAAB εεε +=

There will be no preference to choose
neighboring atoms. Atoms can sit randomly at
any lattice points .any lattice points .

Situation 2: Enthalpy of mixing is less than zero

0<Ω=∆ BAmix XXH

That means )(
2

1
BBAAAB εεε +<

Because of transformation internal energy will
decrease. That means transformation is exothermic.
Atoms will try to maximize A-B bonds.
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The change in enthalpy because of mixing, �Hmix

Situation 3: Enthalpy of mixing is greater than zero

0>Ω=∆ BAmix XXH

That means )(
2

1
BBAAAB εεε +>

Because of transformation internal energy willBecause of transformation internal energy will
increase. That means transformation is to be
endothermic. Atoms will try to maximize A-A and
B-B bonds.

��



Slope/maximum/minimum of the enthalpy of mixing curve

)( 2
BBBAmix XXXXH −Ω=Ω=∆

)21(
)(

B
B

mix X
dX

Hd −Ω=∆

At maximum/minimum 0
)( =∆

B

mix

dX

Hd

Ω=→∆
0X  

)(
Bat

dX

Hd

B

mixFurther

This implies XB = 0.5. That means maximum 
or minimum will be at XB =0.5

That means the slope at the beginning 
has a finite value of x
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The change in entropy because of mixing, �Smix

� Since we are considering transformation at a particular temperature, the change in entropy
because of the change in temperature can be neglected.

� We need to consider only the configurational entropy change. Configurational entropy
change comes from the possibilities of different ways of arrangement of atoms.

� Following statistical thermodynamics the configurational entropy can be expressed as

ωlnlS = k is the Boltzmann constant 
w is the measure of randomness

ωω ln1lnln kkkSSS =−=−=∆

� If we consider the random solid solution, then

� Following Stirling�s approximation

ωω ln1lnln0 kkkSSSmix =−=−=∆

!!

)!(

BA

BA

nn

nn +=ω nA and nB are the number of atoms of A and B

NNNN −= ln!ln

since atoms at their pure state before mixing can be arranged in only one way
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Number of atoms can be related to the mole fraction, X and the Avogadro number N0 following

[ ]{ }]ln[]ln[)()ln()(ln BnnnnnnnnnnnnkkS BBAAABABABAmix −−−−+−++==∆ ω

� So, �Smix can be written as

The change in entropy because of mixing, �Smix

0 

1
0

=+
=

BA

AA

XX

NXn

0

0

Nnn

NXn

BA

BB

=+
=

]lnln[0 BBAAmix XXXXkNS +−=∆

]lnln[ BBAA XXXXR +=

where, R is the gas constant
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Slope/maximum of the entropy of mixing curve
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mix
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Sd at maximum, this corresponds to XB = 0.5

Further, the slope at XB �0 is infinite. That means
the entropy change is very high in a dilute solution

As mentioned earlier the total free energy after mixing 
can be written as GGG ∆+=can be written as

mixGGG ∆+= 0

where

]lnln[

0

BBAAmix

BAmix

mixmixmix

BBAA

XXXXRS

XXH

STHG

GXGXG

+−=∆
Ω=∆

∆−∆=∆
+=

So �Gmix can be written as ]lnln[ BBAABAmix XXXXRTXXG ++Ω=∆

]lnln[ BBAABABBAA XXXXRTXXGXGXG ++Ω++=

Following, total free energy of the system after mixing can be written as


	



Unmixed state

Mixed states with �various� degrees of mixing

� In the case of two gases initially separated by a barrier, which
is allowed to mix on the removal of the barrier: the number of
mixed states are very large compared to the unmixed states.
Hence, if all configurational states are accessible, the system
will more likely found in the mixed state. I.e. the system will
go from a unmixed state to a mixed state (worded differently
the system will go from �order� to �disorder).

� On the other hand it is unlikely (improbable) that the system
will go from mixed state to a unmixed state. (Though this is
not impossible � i.e. a mixed system can spontaneously get
�unmix� itself!!)

Entropy of mixing - Schematic 

Unmixed state

Mixed states with �various� degrees of mixing

* We assume that all states have equal probability of 
occurring and are all accessible

Note: the profoundness of the concept of entropy comes 
from its connection to energy (via T)

18 mixed states
2 unmixed states
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Free energy of mixing

We need to consider three situations for different kinds of enthalpy of mixing

Situation 1: Enthalpy of mixing is zero

mixGGG ∆+= 0

mixSTG ∆−= 0

]lnln[ BBAABBAA XXXXRTGXGX +++=

� With the increase in temperature, -T�Smix

will become even more negative.

� The values of GA and GB also will decrease.

� Following the slope Go might change since
GA and GB will change differently with
temperature.
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Situation 2: Enthalpy of mixing is negative

]lnln[ BBAABABBAA XXXXRTXXGXGXG ++Ω++=

Negative
�Hmix

G0 -T�Smix

� Here both �Hmix and -T�Smix are negative

Free energy of mixing

� Here both �Hmix and -T�Smix are negative

� With increasing temperature G will become even
more negative.

� Note that here also G0 may change the slope
because of change of GA and GB differently with
temperature.







Free energy of mixing

Situation 3: Enthalpy of mixing is positive

]lnln[ BBAABABBAA XXXXRTXXGXGXG ++Ω++=

Positive �HmixG0
-T�Smix

� �Hmix is positive but -T�Smix is negative. At lower
temperature, in a certain mole fraction range the
absolute value of �Hmix could be higher than T�Smix

so that G goes above the G line.so that G goes above the G0 line.

� However to GA and GB, G will always be lower than
G0 , since �Hmix has a finite slope, where as �Smix

has infinite slope. The composition range, where G
is higher than G0 will depend on the temperature i.e.,
-T�Smix

� Because of this shape of the G, we see miscibility
gap in certain phase diagrams.

� At higher temperature, when the absolute value of -
T�Smix will be higher than �Hmix at all
compositions, G will be always lower than G0
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Free energy Vs Composition Phase Diagrams

� With decreasing temperature, free energy
for the solid, GS and liquid phase GL will
change differently with different rates of
change of GA and GB.

� At higher temperature, GL< GS (fig a), so
that the liquid phase is stable. At lower
temperature GS < GL (fig e) so that the solid
phase is stable.

� In between, GS and GL intersects to find the� In between, GS and GL intersects to find the
situation as explained in Fig. c.

� Common tangent drawn gives the
composition range where both solid and
liquid phases can be found together.

� That means, if average composition is XB*
as shown in the phase diagram, it will have
the solid phase with composition of and
the liquid phase with composition of

Phase fractions can be found with the help
of lever rule.

S
BX

L
BX

Both the liquid and solid phases can stay together
because overall free energy will be less than the free
energy when considered separately.
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Free energy Vs Composition Phase Diagrams

� This kind of phase diagram is found
when the system has positive enthalpy
of mixing, especially for the solid
phase.

� Because of the shape of the GS at low
temperature as as shown in Fig. e, it is
possible to draw a common tangent,
which indicates that the solid phase
with the average composition betweenwith the average composition between
�1 and �2 will have a phase separation .
This corresponds to the miscibility gap
in the phase diagram.

� It may also come to the situation, as it
is shown in Fig. c, GL and GS intersects
twice. In that case these will be two
separate regions where both the solid
and liquid phases coexist.
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� In this system, there are two solid
state phases and one liquid phase.
So three free energy curves
should be considered.

� At certain temperature, TE, one
common tangent can be drawn,
which will touch all the free

Free energy Vs Composition Phase Diagrams

which will touch all the free
energy curves.

� This indicates that all the three
phases at a particular
composition E, as shown in Fig.
d and f can coexist. This is called
eutectic point.
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Free energy Vs Composition Phase Diagrams

� phase is an intermetallic compound that is an ordered phase with very narrow homogeneity range.� phase is an intermetallic compound that is an ordered phase with very narrow homogeneity range.

Sometimes � phase can be found with wider homogeneity range.
��



Concept of the chemical potential and the activity of elements

� Gibb�s free energy, G is function of temperature, T, pressure, P and amount of elements, nA,
nB.

G = G (T, P, �A� �B �� )

� At particular temperature and pressure, partial derivative gives

B
B

A
A

dn
n

G
dn

n

G
dG

∂
∂+

∂
∂=

BBAA dndn µµ +=

G∂

� It should be noted here that the change should be so minute that there should not be any
change in concentration because the chemical potential is a concentration dependent
parameter.

A
An

G µ=
∂
∂

B
Bn

G µ=
∂
∂

is the chemical potential of element A. It measures the change in free 
energy because of very minute change of element A.

is the chemical potential of element B. It measures the change in free 
energy because of very minute change of element B.
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Concept of the chemical potential and the activity of elements

� Let us consider an alloy of total X moles where it has XA mole of A and XB mole of B.
Note that x is much higher than 1 mole.

� Now suppose we add small amounts of A and B in the system, keeping the ratio of XA : XB

the same, so that there is no change in overall composition.

� So if we add four atoms of A, then we need to add six atoms of B to keep the overall
composition fixed. Following this manner, we can keep on adding A and B and will reach
to the situation when XA mole of A and XB mole of B are added and total added amount is
XA + XB = 1

� Since previously we have considered that the total free energy of 1 mole of alloy after� Since previously we have considered that the total free energy of 1 mole of alloy after
mixing is G, then we can write

� Previously, we derived

� Further, we can write

BAAA XXG µµ +=

]lnln[ BBAABABBAA XXXXRTXXGXGXG ++Ω++=

22
BABABA XXXXXX +=

)ln()ln( 22
BABBBBAA XRTXGXXRTXGXG +Ω+++Ω+=
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Concept of the chemical potential and the activity of elements

Further, comparing the expressions for free energy, we can write

BBBB

AAAA

ABAA

XRTXG

XRTXG

XRTXG

ln)1(

ln)1(

ln

2

2

2

+−Ω+=

+−Ω+=

+Ω+=

µ
µ
µ

In terms of activity

AAA aRTG ln+=µ

So the relations between the chemical potential and activity are

BBB

AAA

aRTG

aRTG

ln

ln

+=
+=

µ
µ

BBB

AAA

XRTXaRT

XRTXaRT

ln)1(ln

ln)1(ln
2

2

+−Ω=

+−Ω=
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� Activities and chemical potentials are
determined from a free energy curve after taking
a slope, as explained in the figure.

� If we are interested to determine the activities or
chemical potentials in a binary system A-B, let
say at , we need to take a slope on the free
energy curve at the free energy, and extended
it to pure element, A (XB = 0) and pure element
B (XB = 1).

*
BX

*G

Concept of the chemical potential and the activity of elements

B (XB = 1).

*
Aµ

*ln
AAA GaRT µ−=−

� The point at which it hits NB = 0, the value corresponds to the chemical potential of element
A ( ).

� From previous slide, we can write

� So, once the chemical potential is known, the activity of the element can be calculated using
the above equation, as explained in the graph.

� It can be proved that, by taking slope and then extending to XB = 0 and XB = 1, we can find
the chemical potentials. We can write

� Further we can write
abG A += ** µ

1*

cd

X

ab

B

= )( ****
ABBB XcdXab µµ −==� *****

BBAA XXG µµ +=�
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Concept of the chemical potential and the activity of elements

Further, we can write

2)1(ln A
A

A X
RTX

a −Ω=��
�

�
��
�

� 2)1(ln B
B

B X
RTX

a −Ω=��
�

�
��
�

�

AAAAA XX
RT

Xa γ=�	
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 −Ω= 2)1(exp BBBBB XX
RT

Xa γ=�	
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 −Ω= 2)1(exp
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 −Ω= 2)1(exp AA X
RT

γ �	
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 −Ω= 2)1(exp BB X
RT

γ

� �i are the activity coefficient of element i.

� In an ideal solution, 	 = 0 , and Ai = Xi.

� In a non ideal solution, activity coefficient indicates the deviation from the ideal
line.
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 −Ω= 2)1(exp AA X
RT

γ
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 −Ω= 2)1(exp BB X
RT

γ

Concept of the chemical potential and the activity of elements

In the case of positive enthalpy of mixing, activity deviates positively and in the case of
negative enthalpy of mixing activity deviates negatively from the ideal mixing line.

Henry�s law: activity of elements is more
or less the constant in a very dilute
solution.

Rault�s law: activity is equal to the mole 
fraction near the mole fraction of 1.
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Equilibrium vacancy concentration

� Diffusion of elements is possible because of the presence of defects. For example,
substitutional diffusion occurs because of exchange of an atom with vacancies. Further,
impurities are present at the interstitial positions, which could diffuse to any neighboring
vacant interstitial sites. This is called interstitial diffusion.

� Certain concentration of these impurities are always present in the pure elements in
equilibrium condition, which will be discussed here.

� Further in the intermetallic compounds (ordered phases), antisites defects also could be
present along with vacancies. Moreover, different sublattices could have different
concentration of defects, which makes the diffusion process complicated.concentration of defects, which makes the diffusion process complicated.

� Let us not get confused with the structural defects present in pure elements.

� To understand simple atomic mechanism of diffusion at this point, we shall calculate the
equilibrium concentration of point defects that is the equilibrium concentration of
vacancies and interstitial atoms in pure elements

� Interesting point to be mentioned here that unlike dislocations, grain boundary or
interfaces, point defects are equilibrium defects. It means that the system will try to have
certain concentration of defects to decrease the free energy.

Let us first calculate the equilibrium concentration of vacancies, because of which 
lattice substitutional diffusion is possible
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Equilibrium vacancy concentration in a pure element

� Pure elements A and vacancies (V) can be considered as a mixture of two entities
and follow the similar treatment as we did to calculate the total free energy afterand follow the similar treatment as we did to calculate the total free energy after
mixing of elements A and B.

� It can be easily visualized how the movement of atoms can create vacancies in
the material in few steps.

� Equilibrium number of vacancies is so small that we can neglect the interaction
between them.

� This means that we are neglecting V-V interactions. This also means that we are,
at this point, neglecting the presence of divacancies, which are actually present in
the material.
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Equilibrium vacancy concentration in a pure element

� If we consider that the number of vacancies is very small then the increase of enthalpy
because of formation of vacancies can be written as

� There will be the change in the pattern of vibration of atoms next to vacancies because of
extra free space. The increase in (thermal) entropy because of the extra freedom of
vibration can be written as

VV HXH ∆≈∆ VX∆

VH∆

is the mole fraction of vacancy and 

is the increase in enthalpy because of one mole of vacancies

� In both the cases, we are actually assuming linear relationship because of very small
concentration of vacancies.

� NOTE: In the case of entropy change of A-B mixture, we did not consider the thermal
entropy change, since we are considering the change at a particular temperature. However,
in this case, although we are considering again at a particular temperature, we still need to
consider the contribution because of the change in vibration pattern of atoms next to
vacancies.

VVthermal SXS ∆=∆ VS∆ is the increase in entropy for one mole of vacancies
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Equilibrium vacancy concentration in a pure element

� Further there will be change in configurational entropy considering the mixing of A and V
and can be expressed as (Note that we are considering XA + XV = 1

� Total entropy of mixing

� Total free energy in the presence of vacancies

)]1ln()1(ln[]lnln[ VVVVAAVVconfig XXXXRXXXXRS −−+−=+−=∆

)]1ln()1(ln[ VVVVVVmix XXXXRXSS −−+−∆=∆
(Total contribution from thermal and configurational entropy)

GGG A ∆+=
STHGA ∆−∆+=

{ })]1ln()1(ln[ VVVVVVVA XXXXRSTHXG −−+−∆−∆+=

Note here that G of element A when vacancies are
present decreases. So always there will be vacancies
present in materials. Further G decreases to a minimum
value and then increases with the further increase in
vacancy concentration. So, in equilibrium condition,
certain concentration of vacancies will be present,
which corresponds to Ge.

��



� Since the slope is zero at the minima, we can find the equilibrium vacancy concentration
from

� Since the number of vacancies that can be present in the system is very small
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Equilibrium vacancy concentration in a pure element

� The relation for equilibrium concentration of vacancies can be written as

� Although there is increase in configurational entropy because of the presence of vacancies,
it is not included in the activation energy barrier, �GV.

� Although there is activation energy barrier present because of formation, vacancies will
still be present because of overall decrease in free energy of the materials.
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Equilibrium vacancy concentration in a pure element

� From the equation in previous slide, we can also write

� �HV is the activation enthalpy for the formation of vacancies and

� The change in concentration of vacancies in pure Cu is shown in below graph,
considering activation energy for vacancy formation to be 83.7 kJ/mole.
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�
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� ∆−=
RT
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V
e
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�
�

�
�
�

� ∆=
R

S
X V

V exp0 Is the pre-exponential factor.

The concentration of vacancies in mole
fraction at 1000°C is 3.68 × 10-4. That
means in a cube of 14 atoms in each
direction, only one vacancy will be present
in Cu at this temperature!!!
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Equilibrium concentration of  interstitial atoms 

� In many metals, especially in transition metals, interstitial atoms such as carbon, nitrogen,
oxygen, hydrogen can be present up to a certain extent depending on the metal.

� There are mainly two types of interstitial voids present in the structure, where these atoms
can sit: tetrahedral (surrounded by four solvent atoms) and octahedral (surrounded by six
solvent atoms).

� However, since impurities prefer to occupy octahedral interstices, we shall mainly
consider this type of voids only.

LET US FIRST CONSIDER A BCC CRYSTALLET US FIRST CONSIDER A BCC CRYSTALLET US FIRST CONSIDER A BCC CRYSTALLET US FIRST CONSIDER A BCC CRYSTAL

� In general the size of the interstitial atoms is much larger
than the interstitial void and lattice surrounding the
interstitial will be strained. That means enthalpy of the
system will be increased.

� Consider the increase in enthalpy because of addition of
one mole of interstitial atoms is , �HI.

� The enthalpy increment of the system because of addition
of XI is expressed by

II HXH ∆=∆

o

I
I N

n
whereX = Number of interstitial atom is nI ��



Equilibrium concentration of  interstitial atoms 

� Further, there will be two different types of contribution on entropy

� Vibration of atoms A, next to interstitial atoms will change from normal mode of vibration
and will be more random and irregular because of distortion of the lattice

� �SI is the change of the entropy of one mole of atoms because of change in vibration pattern

� From the crystal structure, we can say that for 2 solvent atoms there are 6 sites for
interstitial atoms. So if we consider that there are N0 numbers of A atoms then there will be
3N0 numbers of sites available for interstitial atoms.

� In other sense, we can say that n atoms will randomly occupy in 3N sites available. So the

IIthermal SXS ∆=∆

� In other sense, we can say that nI atoms will randomly occupy in 3N0 sites available. So the
configurational entropy can be written as
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Equilibrium concentration of  interstitial atoms 

� So the total entropy change
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� To find the equilibrium concentration, we need to take
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Equilibrium concentration of  interstitial atoms 

� GI is the activation barrier.
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LET US NOW CONSIDER A FCC CRYSTALLET US NOW CONSIDER A FCC CRYSTAL

� If we consider FCC crystal, then the number of sites available for interstitial atoms are 4.
Further in a FCC unit cell, total 4 solvent atoms are accommodated. So we can say that for
N0 solvent atoms there will be N0 sites available for interstitial atoms. Like previous
example, we consider nI interstitial atoms which will occupy randomly.

� Then following similar procedure, we can show the equilibrium concentration of interstitial
atoms present in a metal with FCC crystal as

�
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G
X V

I exp

Equilibrium concentration of  interstitial atoms 

� So in general, we can write that the equilibrium concentration of interstitial impurities
present is
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�HI is the activation enthalpy for interstitial impurities

is the pre-exponential factor�
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Solubility of carbon in Fe = f (structure, temperature)

Where is carbon located in iron lattice ?

Carbon Solubility in Iron

Octahedral 
sites

Octahedral 
sites

6 faces sharing with two sides (6/2)=3
12 edges sharing with four sides (12/4)=3
Total sites is (3+3), 6 per unit cell
Every one Fe atom we have 3 interstitial sites

One interstitial site in center plus
12 edges sharing with four sides (12/4)=3
Total sites is (1+3), 4 per unit cell
Every one Fe atom we have 1 interstitial site
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Why concentration of  carbon in �-Fe with BCC structure is less 
than �-Fe with FCC structure?

� FIRST LET US CONSIDER FCC STRUCTURE (�-Fe)
� Packing factor of FCC lattice 0.74

� This indicates the presence of voids. Let us discuss it more elaborately.

� In a FCC crystal there are mainly two types of voids:

� Tetrahedral: coordination number (CN) is 4. That means the void is surrounded by 4 atoms.

� Octahedral: CN is 6. That means the void is surrounded by 6 atoms.

� There are 8 tetrahedral voids in a unit cell. That means 2 voids per atom.

� There are 4 octahedral voids in a unit cell. That means 1 void per atom.� There are 4 octahedral voids in a unit cell. That means 1 void per atom.

� However, impurities prefer to occupy octahedral voids.

� Because the ratio of the radius of the tetrahedral void to atom is 0.225 and the same for the
octahedral void is 0.414.

� The ratio of the radius of the carbon atom (size is 77 pm) to Fe (when it has FCC crystal) is
0.596.

� So when a carbon atom occupies any void, lattice will be distorted to increase the enthalpy.

� Distortion will be less if it occupies the octahedral voids.

� Although it increases the enthalpy, carbon atoms will be present up to a certain extent
because of the gain in entropy, as explained previously, which decreases the free energy.
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A 292.1=Fe
FCCr

�

A534.0)( =octxFe
FCC

�

A 77.0=Cr

FCC

BCC
Note the difference in size of the atoms

Size of the OV

Size of Carbon atom

Size of Fe atom 
CCP crystal

Relative sizes of voids w.r.t atoms

��
���

Void (Oct) Void (Tet)

Carbon Solubility in Iron

�

A 258.1=Fe
BCCr

�

A364.0).( =tetdxFe
BCC

�

A195.0).( =octdxFe
BCC

Size of Fe atom 
BCC crystal

Size of the OV

Size of the TV

� FCC Size of the largest atom which can fit into the tetrahedral is 0.225 and octahedral void is 0.414

� BCC Size of the largest atom which can fit into the d.tetrahedral is 0.29 and d.octahedral void is 0.154

Remember

�
��� �

Void (Oct) Void (Tet)

Relative sizes of voids w.r.t atoms
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Why concentration of  carbon in �-Fe with BCC structure is less 
than �-Fe with FCC structure?

� NOW LET US CONSIDER THE BCC UNIT CELL (� - Fe)
� Packing factor of BCC lattice 0.68. So total void in a BCC unit cell is higher than FCC cell.

� However, there are 12 (6 per atom) tetrahedral and 6 (3 per atom) octahedral voids present.
This number is higher than the number of voids present in a FCC unit cell.

� Unlike voids in FCC lattice, in a BCC lattice the voids are distorted. That means if an atom
sits in a void, it will not touch all the host atoms.

� The ratio of the radius of tetrahedral void to atom is 0.29 and the radius of octahedral void to
atom is 0.155.

� The ratio of the radius of the C atom (size is 77 pm) to Fe (when it has BCC crystal) is 0.612.� The ratio of the radius of the C atom (size is 77 pm) to Fe (when it has BCC crystal) is 0.612.
So it is expected that in a BCC unit cell, impurities should prefer tetrahedral voids.

� However, although the octahedral void size is small, planar radius which has 4 atoms on the
same plane is 79.6 pm, which is larger that the C atom size. That means it needs to distort
only other two atoms.

� On the other hand if C sits in the tetrahedral void it has to distort all four atoms. So in � � Fe
with BCC unit cell C occupies the octahedral voids

� Now the octahedral void size in g-Fe (FCC) is higher than a-Fe (BCC). So naturally the
distortion in a BCC cell will be higher and the activation energy for impurities to occupy a
void in a BCC cell also will be higher.

� This is the reason that we find much lower solubility limit of C in a-Fe. ��



Why carbon preferentially sits in the apparently smaller octahedral void in BCC  ?

�
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� Let us consider the C concentration in �-Fe (BCC)
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In terms of  mole fraction

Why concentration of  carbon in �-Fe with BCC structure is less 
than �-Fe with FCC structure?

� At 727°C, carbon concentration in �-Fe is maximum (0.022 wt%), which is equivalent to
mole fraction of ~10-3. That means there is one C atom present in a cube of 10 atoms in
each direction. That further means that only one carbon atom is present in 3000 octahedral
voids
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KINETICSKINETICS

� In earlier we are learned about Equilibrium we had seen that the thermodynamic feasibility
of processes is dictated by �Thermodynamic Potentials� (e.g. Gibbs Free Energy, at constant
T, P, Ni).

� If (say) the Gibbs Free Energy for a process is negative then the process CAN take place
spontaneously.

� However, IF the process WILL actually take place (and if it will take place- how long will it
take to occur?)� will be determined by the �Kinetics of the process�.

� Deeper the �metastable energy well�, higher will be activation energy required to pull the
system out of the �well� and take it to the equilibrium state (or some other metastable state).system out of the �well� and take it to the equilibrium state (or some other metastable state).

� To give an example: Fe3C is a metastable phase. it can decompose 3Fe + C after hundreds of
years. �Thermodynamics warrants, Kinetics delays�

� For a given process to occur heat and mass transfer may have to take place and this would
take time� hence in �kinetics� we deal with time and rates (1/t) .

� Thermodynamics dictates that the state should transform to the stable state.
However, how fast this transformation can occur cannot be answered by
thermodynamics alone. Determining the rate of such transformation comes under
the realm of kinetics.
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KINETICSKINETICS

� For example, consider Figure 1, which shows variation of Gibbs free energy of a system
versus an arbitrary unit (say atomic arrangement).

� Thermodynamics tells us that if the system is at some meta-stable state-1, it has to transform
to the stable state-2. The difference of Gibbs energy ( G2 - G1 = �GDrive ) is the driving force
for transformation.

� However, it should be noted that while moving from
state-1 to state -2, the system has to actually cross
the hump i.e., it has to go through a higher energythe hump i.e., it has to go through a higher energy
state-A. This state-A is called as activated state and
the difference in Gibbs energy ( GA � G meta ) is
called as energy barrier since it actually resists the
system from transforming from metastable state-1
to stable state-2.

� The energy �Ga is also called as Gibbs free energy
for activation of the process.

� The energy required to overcome the barrier is usually provided by thermal vibrations of the
atoms and hence these processes are called as �thermally activated proce sses�.
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KINETICSKINETICS

� The kinetics tells us that the rate of the process should be proportional to:

� Most of the transformations are brought about by diffusion mechanisms. The diffusion itself
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Ko is a constant and Ea is the energy (or 
enthalpy) of activation.

� Most of the transformations are brought about by diffusion mechanisms. The diffusion itself
is a thermally activated process. Thus, diffusion coefficient can be expressed as:
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Do is a constant and Qd is the activation 
energy of diffusion
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1. The specific heat of solid copper above 300 K is given by .
By how much does the entropy of copper increase on heating from 300 to 1358 K?

2. Draw the free energy temperature diagram for Fe up to 1600oC showing all the allotropic
forms.

3. From the thermodynamic principles show that the melting point of a nanocrystalline metal
would be different from that of bulk metal. Will the melting point be different if the
nanoparticle is embedded in another metal?

4. What is Clausius-Clapeyron equation? Apply it for the solidification of steels and gray cast
iron.

Questions?
-1-13 K mole  1028.664.22 JTCP

−×+=

iron.

5. If the equilibrium concentration of vacancies in terms of mol fraction at 600 °C is 3x10 -6

calculate the vacancy concentration at 800 °C. R = 8.314 J/mol.K

For aluminium �HV = 0.8 eV atom-1 and �SV/R = 2. Calculate the equilibrium vacancy
concentration at 660oC (Tm) at 25oC

6. Derive

7. Show that the free energy of a mixture of two phases in equilibrium in a binary system is
given by the point on the common tangent line that corresponds to that overall composition.
Show that the free energy of a mixture of phases of any other composition or a single phase
is higher.

]lnln[ BBAA
mix
Conf XXXXRS +−=∆
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8. Draw the G-X diagrams at the temperatures shown in Fig�s. Please note that the crystal
structure of both the pure metals in the phase diagram is the same.

Questions?

9. For a single-component system, why do the allotropes stable at high temperatures have
higher enthalpies than allotropes stable at low temperatures.

10. Derive following equations

11. Calculate the free energy of Si at 1186 °C from the known values,  as given below:

( ) AAAA

BBAABABBAA

XRTXG

XXXXRTXXGXGXG

ln1

)lnln(
2 +−Ω+=

++Ω++=

µ

kmolJandCBA ./81.18S 1035.4,10305.3,698.23 298
53 =∆×=×== − θ
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12. Identify the errors in the binary phase diagram given in Fig., give the reasons and draw the
corrected phase diagram.

Questions?

13. Consider an alloy of elements A and B, with the composition of XA=0.25 andXB=0.75. If
the free energy of the pure elements, A (GA) and B (GB) are -45.1 kJ and -48.3 kJ/mole at
950°C, then (a) Calculate the free energy after mixing at this temperat ure for two cases,
whenenthalpy of mixing �Hmix= -3.1 kJ/mole and +2.7 kJ/mole.(b) Further, calculate the
activity and chemical potential of element A at thattemperature for�Hmix= -3.1 kJ/mole.

14. Derive the Gibb�s phase rule.
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15. 15 g gold and 25 g of silver are mixed to form a single-phase ideal solid solution

a) How many moles of solution are there?
b) What are the mole fractions of gold and silver?
c) What is the molar entropy of mixing?
d) What is the total entropy of mixing?
e) What is the molar free energy change at 500oC?
f) What are the chemical potentials of Au and Ag at 500oC taking the free Au atom is 

added? Express your answer in eV atom-1.
g) By how much will the free energy of the solution change at 500oC if one Au atom is 

added? Express your answer in eV atom-1

Questions?

added? Express your answer in eV atom-1
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Role of Diffusion

� Diffusion is defined as, random movement of atoms/ molecules in solid, liquid and gas. For
example dissolution of ink in water and smoke in air

� It can also defined as, Diffusion is a process of mass transport by atomic movement under
the influence of thermal energy and a concentration gradient.

� To comprehend many materials related phenomenon one must understand diffusion.

Introduction

Oxidation

Sintering

Doping Carburizing

Aging

Creep

Many More...!

Materials Joining : Diffusion Bonding
�	



Gradient

� Mass flow process by which species change their position relative to their neighbors.

� Driven by thermal energy and a gradient

� Thermal energy� thermal vibrations�Atomic jumps

� Atoms move from higher to lower concentration region. If this movement is from one
element to another e.g. Cu to Ni, then it is termed as Inter-diffusion. If the movement is
within similar atoms as in pure metals, it is termed self-diffusion.

Diffusion Phenomena

Chemical potential

Electric

Gradient

Magnetic

Stress
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Diffusion under thermodynamic driving force

� As explained before and in the figure, the
chemical potential of elements at any
composition can be determined by taking a slope
on the Gibb�s free energy curve and then by
extending it to XB = 0 (chemical potential of
element A, µ A ) and XB = 1 (chemical potential
of element B, µ B)

� From the chemical potentials, we can determine
the activities, aA and aB from the knowledge of
free energies of pure elements.

A B

free energies of pure elements.

AAA GaRT µ−=− ln BBB GaRT µ−=− ln

� So it must be clear that µ B decreases from GB at XB = 1 to a infinitely small value close to
XB = 0.

� Following, aB decreases from 1 at XB = 1 to 0 at XB = 0. It may vary ideally, that is aB = XB

or deviate positively/negatively, as explained previously.

� Similarly, µ A decreases from GA at XB = 0 to a infinitely small value close to XB = 1. aB

decreases from 1 at XB = 0 to 0 at XB = 1

� So, µ A and aA, and 
B and aB follow the same trend of increasing or decreasing with XB.
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Diffusion under thermodynamic driving force

� Now let us consider, two different AB alloys P (A rich) and Q (B rich).

� If these alloys are kept separately, these alloys will have free energy of GP and GQ,
respectively.

� However, if we bond these two blocks, they will not be anymore in equilibrium condition.

� If the amount of material P and Q are taken such that overall mole fraction is R, then the
equilibrium free energy will be GR.

� So the system will try to move to its new equilibrium free energy.

� Now if we don�t melt the alloy, it can only move to the equilibrium composition by solid
state diffusion.state diffusion.

�




Diffusion under thermodynamic driving force

� If it is held at elevated temperature at which diffusion rate is reasonable, the system will
reach to the equilibrium after certain time depending on the diffusion rate.

� It can be seen that at equilibrium alloy R, the chemical potential of A is , which is lower
than the chemical potential of the same element, , in alloy P but higher than in alloy Q,
that is .

� On the other hand, is less than but higher than .

� So to reach the equilibrium, the alloy P should decrease the chemical potential of A and
increase the chemical potential of B. On the other hand, the alloy Q should increase the
chemical potential of A and decrease the chemical potential of B.

R
Aµ

P
Aµ

Q
Aµ

R
Bµ Q

Bµ P
Bµ

chemical potential of A and decrease the chemical potential of B.

� Since the chemical potential of A decreases from the A rich to the B rich alloy and the
chemical potential of B decreases from B rich to A rich alloy, P should decrease the content
of A and Q should decrease the content of B.

� In this condition it is possible only by the diffusion of element A out of P and diffusion of
element B out of alloy Q, as shown in the figure in the previous slide.

� If we allow the system to go to equilibrium at temperature T, there will be no composition in
the blocks P and Q at time zero that is t0. Then with the increase in time in the order of t3 >
t2 > t1 > t0 , as shown in the figure (next slide), interaction zone increases. Following, after
infinite time of annealing, t� it will reach to equilibrium composition.
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Diffusion under thermodynamic driving force

Note here that infinite time is rather notional. It means that long time enough to reach it to
equilibrium. So this time will depend on the thickness of the blocks and the diffusion rate at
the temperature of annealing.
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Diffusion under thermodynamic driving force

� Now let us consider a system with miscibility gap.

� If we anneal two block with any compositions at
temperature, T2, the explanation of the diffusion process
will be similar as explained before.

� However, if we couple two blocks with the composition
of P and Q, which are inside the miscibility gap, different
situation will happen.

� From the slopes taken at P and Q, we find
Q
A

P
A µµ < Q

B
P
B µµ <and

� That means, the chemical potential of A is less in A rich
alloy, P compared to the A lean alloy, Q.

� Similarly, the chemical potential of B is higher in B lean
alloy, P compared to the B rich alloy, Q.

� If we couple blocks of P and Q then the average free
energy of the systems, let say, R depending on the relative
amounts of P and Q.

� However, since the system always tries to decrease free
energy, it will try to reach to the lowest free energy

and

AA µµ < BB µµ <and

1αG

2αG

1αG
2αG
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Diffusion under thermodynamic driving force

� That means A rich alloy P should increase the content of A and the B rich alloy Q should
increase the content of B.

� From the chemical potential point of view also it must be clear that B will diffuse out of the
B lean alloy P towards Q and A will diffuse out of the B lean alloy Q towards P.

� The direction of elements is just opposite compared to the previous example explained.

� Since elements diffuse up the concentration gradient instead of down the concentration
gradient, it is called uphill diffusion.

� In terms of chemical potential gradient

dQPQP µµµµµ −−

� In terms of concentration gradient

� It can be seen that negative sign is not present in the Fick�s first law for this case.
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Diffusion under thermodynamic driving force

� In previous slides we have shown diffusion of elements because of chemical potential driving
forces. However, diffusion occurs even without the presence of thermo dynamical driving force
or any other driving forces.

� For example, in pure material, where there are no forces present but atoms still to jump to another
position.

� In a low melting point material, like in Sn or Pb, jump of atoms possible even at room
temperature. However, jump of atoms in this case is completely random. Presence of driving
forces rather make net flux of atoms to a particular direction.

� To test the possibility of diffusion without any driving forces tracer diffusion experiments are
conducted. Radiotracer elements which has one or two neutron mass difference are deposited on aconducted. Radiotracer elements which has one or two neutron mass difference are deposited on a
material of the same element and then annealed at elevated temperature.

� Concentration of these tracer elements can be measured at different depths even in low
concentration because of radiation of different rays

� .As shown in a schematic figure, these tracer elements diffuse
inside the material. Since both are pure elements there is no
chemical potential difference.

� These tracer elements are used to trace the diffusion of elements.

� There will be very small gain (increase in entropy) because of
spreading of these tracer elements.

� If we do not use the tracer elements we will not be able to detect
the jump of atoms. ���



� Diffusion of atoms involves movement in steps from one lattice site to the another. An
empty adjacent site and breaking of bonds with the neighbor atoms are the two necessary
conditions for this.

Vacancy MechanismVacancy Mechanism

� This mechanism involves movement of atoms (we are interested in substitutional atoms)
from a regular lattice site to an adjacent vacancy. Since vacancy and atoms exchange
position, the vacancy flux is in the opposite direction.

Diffusion Mechanism
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Interstitial MechanismInterstitial Mechanism

� This mechanism Involves migration of atoms from one interstitial site to a neighboring
empty interstitial site.

� Usually the solubility of interstitial atoms (e.g. carbon in steel) is small. This implies that
most of the interstitial sites are vacant. Hence, if an interstitial species wants to jump, �most
likely� the neighboring site will be vacant and jump of the atomic species can take place.

� This mechanism is more prevalent for impurity such a hydrogen, carbon, nitrogen, oxygen
which are small enough to fit into an interstitial position.

Diffusion Mechanism

which are small enough to fit into an interstitial position.

Interstitial 
atom

Interstitial 
atom
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Atom Interchange Mechanism

� It is possible for movement to take place by a direct interchange between two adjacent
atoms or by a four �atom ring interchange.

� However, these would probably occur only under special conditions, since the physical
problem of squeezing between closely packed neighboring atoms would increase the barrier
for diffusion.

� Note: The rate of diffusion is much greater in a rapidly cooled alloy than in the same alloy
slow cooled. The difference is due to the larger number of vacancies retained in the alloy by

Diffusion Mechanism

slow cooled. The difference is due to the larger number of vacancies retained in the alloy by
fast cooling.
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Diffusion Mechanism

Pipe Diffusion

� When diffusion occurs via edge dislocation, it is called pipe diffusion.

� Since it feels like movement of atoms through a pipe.

� Note that both interstitial and substitutional diffusion can occur via dislocations.

� Even impurities are attracted by the dislocations because of availability of more space and
chance to release stress.

� This is also the reason (more open space) that it has lower activation barrier and diffusion
rate through dislocation is higher than the diffusion through lattice.
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Diffusion Mechanism

� Diffusion occurs via grain boundaries even easily and it is called grain boundary diffusion.

� Since grain boundaries are relatively more open structure compared to atomic structure
inside the grains, the barrier for diffusion through grain boundary is much less and the
diffusion rate is higher.

� Rate of diffusion increases with the increase in misorientations.

Grain boundary diffusion
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Diffusion Mechanism

� When diffusion occurs over a surface, it is called surface diffusion.

� Here activation energy for diffusion is the lowest since there are no atoms above the atom
of interest, which exchanges position with the vacancy. So diffusion rate is the highest
compared to other diffusion mechanisms.

Surface diffusion

� Note that both interstitial and substitutional diffusion can happen through, lattice,
dislocations, grain boundaries and surface.

� Slope of the diffusion coefficient vs. 1/T gives the activation barrier for diffusion.
Activation barrier is the lowest and diffusion rate is the highest for the surface diffusion.
Activation barrier is the highest and diffusion rate is the lowest for lattice diffusion. ���



Diffusion Mechanism

Diffusion Couple

� When two blocks with different compositions are joined (coupled) together and annealed to
allow diffusion between them, it is called diffusion couple.

Interdiffusion (chemical diffusion)

� Since elements in the diffusion couple interdiffuse to each other, it is called interdiffusion.

� The diffusion coefficient is in general called as interdiffusion coefficient and if sometimes
any new compound forms during the diffusion at the interface, occasionally, it is called
chemical diffusion coefficient.

� Note that actually elements A and B diffuse. Diffusion of these elements are called intrinsic
diffusion of elements.
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Diffusion Mechanism

Self diffusion

� When diffusion occurs without any presence of driving force, it is called self diffusion.

� Atoms vibrate at their positions and because of some violent jumps, it can cross the
activation barrier to make the jump successful.

� Since there is no driving force to direct the jump of atoms to a particular direction, self
diffusion is truly random in nature.

� This indicates that when a pure metal is kept at elevated temperature jump of atoms is
always happening.

� In low melting point metals, like In or Sn, even at room temperature, atoms exchange their
position.

� However, since these are very small in size, we cannot follow a particular atom jump.

� We shall see that the jump can be many orders of magnitude in one second. This makes it
even difficult to follow the jump of atoms.

� To obviate this problem, concept of tracer diffusion is introduced.
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� If the diffusion rates of two metals A and B into each other are different, the boundary
between them shifts and moves towards the faster diffusing metal.

� This is known as kirkendall effect. Named after the inventor Ernest Kirkendall (1914-
2005). It can be demonstrated experimentally by placing an inert marker at the interface

Kirkendall Effect

2005). It can be demonstrated experimentally by placing an inert marker at the interface

A B

Marker 
motion

Inert Marker � thin rod of a high melting material which is 
basically insoluble in A & B

� Materials A and B welded together with inert
marker and given a diffusion anneal
� Usually the lower melting component diffuses
faster (say B)
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� Zn diffuses faster into Cu than Cu in Zn. A diffusion couple of Cu and Zn will lead to
formation of a growing layer of Cu-Zn alloy (Brass).

� Same will happen in a Cu-Ni couple as copper diffuses faster in nickel than nickel in
copper.

� Since this takes place by vacancy mechanism, pores will form in cu (of the Cu-Ni couple

Kirkendall Effect

� Since this takes place by vacancy mechanism, pores will form in cu (of the Cu-Ni couple
as the vacancy flux in the opposite direction (towards Cu) will condense to form pores.
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� Diffusional processes can be either steady-state or non-steady-state. These two types of
diffusion processes are distinguished by use of a parameter called flux.

� It is defined as net number of atoms crossing a unit area perpendicular to a given direction
per unit time� ��� ����	
������ 	�

������ 
��� �� �������� ���� ����� ������� 
��
��������	
������ 	�

������ 
��� ������ ���� �����

� A schematic view of concentration gradient with distance for both steady-state and non-
steady-state diffusion processes are shown below.

� Flux  (J) (restricted definition)  � Flow / area / time     [Atoms / m2 / s]

steady and non-steady state diffusion
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Steady state diffusion

D ≠ f(c)
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Non-Steady state diffusion
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D = f(c)

� Flux  (J) (restricted definition)  � Flow / area / time     [Atoms / m2 / s]

Steady state
J ≠ f(x,t)

Non-steady state
J = f(x,t)

C1
C1

C2

C2
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Steady State : Concentration profile not changing with time.Steady State : Concentration profile not changing with time.

J (left) J (right)
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steady and non-steady state diffusion

NonNon--Steady State : Concentration profile changes with time.Steady State : Concentration profile changes with time.
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� Steady-state diffusion is described by Fick�s first law which states that flux, J, is
proportional to the concentration gradient.

� The constant of proportionality is called diffusion coefficient (diffusivity), D (cm2/sec).
diffusivity is characteristic of the system and depends on the nature of the diffusing
species, the matrix in which it is diffusing, and the temperature at which diffusion occurs.

� Thus under steady-state flow, the flux is independent of time and remains the same at any
cross-sectional plane along the diffusion direction. for the one-dimensional case, Fick�s
first law is given by

Fick�s I Law

gradientionconcentrattimeareaatomsJ  // ∝≡

dx

dc
J ∝

dx
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DJ −=
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dt
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A
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No. of atoms crossing 
area A per unit time

Concentration gradient

Cross-sectional areaDiffusion coefficient/
diffusivity The minus sign in the equation means that 

diffusion occurs down the concentration gradient 
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Fick�s I Law

� In Ficks I law, minus sign comes from the fact that matter flows down the concentration
gradient. It is not necessarily true in all the cases.

� Matter may also diffuse up the concentration gradient, which is called uphill diffusion.

� Fick�s first law can directly be applied in the case of
steady state, as shown in the example below.

� Steady state means that there will not be any change in
the composition profile with time.

� If we pass carburizing gas through the pipe as shown in
the figure and decarburizing gas outside the pipe, athe figure and decarburizing gas outside the pipe, a
steady composition profile may develop.

� Concentration gradient can be calculated following:

� From this, one can calculate the flux from the known
diffusion coefficients of carbon or the diffusion
coefficient from the flux determined.

d

CC

d

CC

dx

dc ii −−=−−= 00
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Solved
Example -1

Solved
Example -1

The steady-state diffusion is found in the purification of hydrogen gas.
Compute the number of kilograms of hydrogen that pass per hour through a
6-mm-thick sheet of palladium having an area of 0.25 m2 at 600°C. Assume a
diffusion coefficient of 1.7 × 10-8 m2 / s, that the concentrations at the high-
and low-pressure sides of the plate are 2.0 and 0.4 kg of hydrogen per cubic
meter of palladium, and that steady-state conditions have been attained.

c∆

This Problem calls for the mass of hydrogen, per hour, that diffuses through a pd sheet.

From the Fick�s I law: 
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Solved
Example -2

Solved
Example -2

A sheet of BCC iron 2 mm thick was exposed to a carburizing gas atmosphere on one
side and a decarburizing atmosphere on the other side at 675”C. After having reached
steady state, the iron was quickly cooled to room temperature. The carbon
concentrations at the two surfaces of the sheet were determined to be 0.015 and 0.0068
wt%. Compute the diffusion coefficient if the diffusion flux is 7.36 × 10-9 kg/m2-s
(Hint : convert the concentrations from weight percent to kilograms of carbon per
cubic meter of iron.
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’CC 3/18.1 mkgC=

This problem calls for computation of the diffusion coefficient for a steady-state diffusion
situation. Let us first convert the carbon concentrations from weight percent to kilograms
carbon per meter cubed using below equation.

For 0.015 wt% C
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Fick�s II Law

� However, just the Fick�s first law may not be useful to relate the flux and the concentration
profile, since, in most of the cases, systems develop non steady state concentration profile.

� It means that concentration at a particular position changes with time.

� For example, if we keep concentration of carbon on one of the Fe surfaces anneal,
composition profile will change with time , as shown in the figure.

� We can�t apply Fick�s first law directly to
evaluate the concentration profile that develops
during diffusion in this case, since, as shown induring diffusion in this case, since, as shown in
the figure, composition changes with annealing
time at a particular position.

� So we need to have a relation, which can relate
time along with the concentration and the
position.

� For that Fick�s second law is derived. It is
derived using conservation of mass and Fick�s
first law.
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Fick�s II Law

� Let us consider a very thin slab in the material.

� J1 is the incoming flux, J2 is the outgoing flux

� So the amount of carbon coming in short time �t is J1 �t
(mole/m2) and going out is J2�t (here J1>J2)

� If the slab thickness is �x, then

� Further, flux change in the thin slab can be considered,
linear and we can write
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linear and we can write

� From Eq. 1 and Eq. 2

� Using Fick�s first law
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� Solution of the Fick�s second law depends on initial and boundary conditions.

� Further, D, in some cases, may be considered constant. That means D does not change with
concentration or position.

� However, this condition meets only in very limited cases.

� In most of the practical examples, D is a function of concentration. In this case, solution to
the Fick�s second law is complicated.

� So in the beginning, we shall solve the Fick�s second law for constant D.

� Solutions are mainly for two different types of conditions, small and large time values.

Solutions to Fick�s second Law

� Solutions are mainly for two different types of conditions, small and large time values.

� When diffusion annealing time is small, solution is expressed with integrals or error
functions. For long annealing time, it is expressed in terms of trigonometrical series.

� Note that the long or short annealing time is rather relative. By saying long annealing time,
we mean that the complete sample is affected by the diffusion process and may lead to
homogenization.

� By saying short annealing time, we mean that experiments are conducted such that whole
material is not affected by the diffusion process.
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Solution for a thin film source

� Let us consider that D is constant. That means D
does not change with the composition. Since at a
particular location C changes continuously with
annealing time, t or a particular C changes its
location continuously. From the assumption, we
can state that D is the same at any location.

� The meaning of the above statement will be more
clear, when we shall consider the change of D
with the change in C concentration.with the change in C concentration.

� Let us consider the situation, when a very thin
film of element B is sandwiched between material
A and then annealed at elevated temperature.

Note: One might ask, how thin it is?

� By saying �thin� we mean that the amount of
material B is very low and even after total mixing
(full homogenization) element B can be
considered as impurities in the material A.

� That means, after deposition of B on A, the
chemical potential gradient is negligible.
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Solution for a thin film source

� In other sense, we can consider this as an example of diffusion in the absence of any driving
force (although small driving force will be there from entropy of mixing)

� Actual meaning will be clear, when we discuss about the atomic mechanism of diffusion!

� We can consider that D is constant, since the material in which it diffuses has fixed
composition.

� For constant D, the Fick�s II law can be written as

� As shown in the previous slide, it is seen that the element distribution after the diffusion can
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� As shown in the previous slide, it is seen that the element distribution after the diffusion can
be expressed by exponential relation.

� Following the Fick�s second law the distribution of element B in A can be expressed as

� This relation is developed based on the fact that composition profile shows exponential
decay from thin film source.

� The correctness of the solution can be checked by differentiation of the equation with
respect to t and x and then using them in the Fick�s second law to find the equal values on
both the sides.
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� Further, the boundary condition that CB = 0, at at t = 0 and x = 0 at t = 0
also meet.

� Now one might get confused, when we say , since concentration of element B (=
XB / Vm = 1/ Vm) can�t be infinite any time and will have some definite value even at
completely pure state.

� Here is notional and means that the element B is not diluted by any other element,
which further means that it is in pure state and for system it means that it has infinite source
of element B before starting the experiment.

� We shall show that the absolute values of C (x) or C are not important but the ratio

Solution for a thin film source

∞=x atCB ,∞=

∞=BC

∞=BC

� We shall show that the absolute values of CB (x) or C0 are not important but the ratio
CB(x)/C0 is important, where this solution is actually used to calculate the tracer or impurity
diffusion coefficient of the species.

� Total material B (mole/m2) that was sandwiched before annealing can be found following.

� So we can write

� Further, we consider means
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Solution for a thin film source

� Since integration gives ��, we get

� Replacing this for MB we find

� CB vs. x describes the distribution of elements B.

� dCB /dx describes (following the Fick�s law) the
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� dCB /dx describes (following the Fick�s law) the
change in flux with respect to distance at a
particular annealing time.

� The negative values indicate the region, where it
loses the element B and positive value indicates that
the region where it gains the element B. Note that
the region where it is losing or gaining the element
B depends on the time of annealing.
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Solution for a thin film source

� The change in distribution of elements B with the increase in time is shown in the figure.

� Factor 2 comes from the fact that elements diffuse both the sides from the source
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Solution for a thin film source

� If the element B diffuses to one direction then the factor 2 should not be considered.
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� From the calculated slope, one can
determine the diffusion coefficient from
the known annealing time.
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� Let us consider now the semi infinite
diffusion couple of two blocks with
concentration of

� It means that, in a A-B binary system, it
is bonding between two blocks made of
pure A and an alloy of AB.

� Unlike the previous case, here, because
of the difference in the composition,

0=BC and += BB CC

Solution in semi infinite diffusion couples (error function analysis)

of the difference in the composition,
diffusion will be driven by the chemical
potential gradient.

� However, we shall show later that the solution we are going to derive, can be used only in
the case where the concentration and the chemical potential difference of the end members
is not much. That means diffusion coefficients do not vary significantly with the
composition.

� Semi infinite means that, we anneal for a certain annealing time such that the end of the
initial materials are not affected by the diffusion of elements.
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� Although the meaning of the semi infinite indicates that a good part of the end of the
diffusion couple should not be affected but actually even with one unaffected atomic layer
in the end is sufficient to consider the system as semi infinite diffusion couple!

� This is important since otherwise we can�t apply the relation derived here to determine the
diffusion parameter or to calculate the concentration profile from the known diffusion
parameter.

� If this kind of situation shown below, one can calculate no. of B atoms are diffusing in a
metal is following way

Solution in semi infinite diffusion couples (error function analysis)
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Solution in semi infinite diffusion couples (error function analysis)
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� It is apparent that the sign of x will depend on which side of the x = 0, we are interested to
calculate.

� Further, if the composition profile is just the opposite compared to the first example, it can
be shown that the relation becomes

Note: We always use �+� at superscript for the concentration to denote right hand side of the 
couple and �-� for the left hand side of the couple.
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� Advantage of using this error
function is that one can
determine the values from a
table.
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Solution in semi infinite diffusion couples (error function analysis)

� In the previous case, we considered the diffusion between the diffusion couple of two
different blocks with composition CB = 0, and or otherwise CB = and 0.

� That means in both the cases, it was a couple between one pure element and an alloy of AB.

� Error function solutions given previously can be rewritten interms of normalized
concentration profiles as

� In some cases, it is possible that two alloys of AB are couples.

� Now if we consider the diffusion couple between and , where the relation
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−C +C −+ > CC� Now if we consider the diffusion couple between and , where the relation

can be written as shown in Fig a.
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Solution in semi infinite diffusion couples (error function analysis)

� Further, the relation in the case of diffusion couple, where and and as sho-

wn in figure b. (in the previous slide), it can be expressed as

� In the case of carburizing, we can see that the relation will be the same, irrespective of the
side on which carburizing is done, since in the case of Fig. a, x is positive but in Fig. b, x is
negative
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Few important notes

� So from the previous relations, it is apparent that the sign of x (whether positive or
negative) will depend on in which side of the x = 0, we are interested to calculate.

� Note again that D will be more or less the constant at any position it is calculated. It was
also one of the assumptions for this derivation.

� From the error function analysis above, we can see that, at x =0

from the relation
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� It indicates that in a system, where two blocks with different concentrations are coupled, at
x =0, which is basically the initial contact plane, the concentration will be always average of
the concentration of the initial materials.

� Note that we need to locate anyway the initial contact plane after the diffusion process,
since x in the equation is actually measured from the location of the initial contact plane.

� This also indicates that this equation can only be used when end parts of the couple is not
affected by the diffusion process, since otherwise at x =0, it will have another average value
depending on how much of the end members are affected.
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Few important notes

� So from the previous relations, it is apparent that the sign of x (whether positive or
negative) will depend on in which side of the x = 0, we are interested to calculate.

� Note again that D will be more or less the constant at any position it is calculated. It was
also one of the assumptions for this derivation.

� From the error function analysis above, we can see that, at x =0
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� It indicates that in a system, where two blocks with different concentrations are coupled, at
x =0, which is basically the initial contact plane, the concentration will be always average of
the concentration of the initial materials.

� Note that we need to locate anyway the initial contact plane after the diffusion process,
since x in the equation is actually measured from the location of the initial contact plane.

� This also indicates that this equation can only be used when end parts of the couple is not
affected by the diffusion process, since otherwise at x =0, it will have another average value
depending on how much of the end members are affected.
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Solution for homogenization

� Let us consider a system with a relatively long time of annealing such that system may
reach to homogenization.

� Time is rather relative. In a small system, relatively small time can be considered as long
time because it will not take much time to homogenize. On the other hand in a large system,
even longer time also may not be sufficient.

� The coring effect generally seen as cast alloys during solidification, the first solid that forms
is poor in solute. As the solidification progress, the new solid formed becomes richer &
richer in solute.

� This give rise to coring i.e., continuous change of solute concentration from center of a� This give rise to coring i.e., continuous change of solute concentration from center of a
dendrite towards its surface. Thus, the concentration profile in a cored dendritic structure
can be approximated to a sinusoidal wave form as shown in figure.
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Solution for homogenization
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Solution for homogenization
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Summary on Fick�s II Law

Process Solution

Carburisation

Decarburisation
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Solved
Example - 3

Solved
Example - 3

An FCC iron�carbon alloy initially containing 0.55 wt% C is exposed to an
oxygen-rich and virtually carbon-free atmosphere at 1325 K (1052”C).
Under these circumstances the carbon diffuses from the alloy and reacts at
the surface with the oxygen in the atmosphere; that is, the carbon
concentration at the surface position is maintained essentially at 0 wt% C.
(This process of carbon depletion is termed decarburization.) At what
position will the carbon concentration be 0.25 wt% after a 10-h treatment?
The value of D at 1325 K is 4.3 × 10-11 m2/s.

This problem asks that we determine the position at which the carbon concentration is 0.25 wt%
after a 10-h heat treatment at 1325 K when Co = 0.55 wt% C.
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Using tabulation of error function values and linear interpretation

Z Erf (Z)

0.40 0.4284

Z 0.4545

0.45 0.4755

4284.04755.0

4284.04545.0

40.045.0

40.0

−
−=

−
−Z

4277.0=Z

4277.0
2

=�
�

�
�
�

�

Dt

x
)/103.4)(106.3()8554.0()4277.0(2 2114 smsDtx −××==

mmm 06.11006.1 3 =×= − ���



Solved
Example - 4

Solved
Example - 4

Nitrogen from a gaseous phase is to be diffused into pure iron at 675”C. If
the surface concentration is maintained at 0.2 wt% N, what will be the
concentration 2 mm from the surface after 25 h? The diffusion coefficient
for nitrogen in iron at 675”C is 1.9× 10-11 m2/s .

This problem asks us to compute the nitrogen concentration Cx at the 2 mm position after a 25 
h diffusion time, when diffusion is non steady-state. 
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Atomic mechanism of diffusion

� Till now, we discussed the diffusion process without going to the atomic level. By
measuring concentration profile, one can measure the diffusion coefficients.

� However, to get further insights on the diffusion process, we need to understand the atomic
mechanism.

� It is almost impossible to track the jump of any particular atom. However, based on the
experimental results, we can use logical arguments to explain the process in the atomic
level.

� As we have seen before that all elements will have some impurities. C, O, H etc. are
present in most of the metals in interstitial voids. So, here diffusion occurs by interstitial
diffusion mechanism.

� Similarly vacancies are also always present. So substitutional diffusion is possible because
of presence of vacancies.

� Let us first consider random jump of atoms that is diffusion without the presence of any
driving force.
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� In a crystal, consider two adjacent interatomic planes separated by a distance � and
perpendicular to the diffusion direction x. Let there be n1 moles of the diffusing specie per
unit area in plane 1 and n2 in plane 2, with n1 > n2 .

� If �� is the frequency with which atoms jump from one plane to a neighboring plane (the
jump may be in either the forward direction or the backward direction)
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Activation energy for diffusion
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Activation energy for diffusion
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� The probability that the adjacent site will be vacant is almost unity. Then the following
expression for D as a function of temperature results:

� Now activation energy for migration

.

Activation energy for diffusion
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� Activation energy can be determined from the diffusion
coefficients calculated at different temperatures.

� So if we plot lnD vs. 1/T, we can determine the activation energy
for diffusion, Q.
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Activation energy for diffusion
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Ease of a diffusion process is characterized by the parameter D, diffusivity. The value
of diffusivity for a particular system depends on many factors as many mechanisms
could be operative.

If the diffusing species is able to occupy interstitial sites, then it can easily diffuse
through the parent matrix. On the other hand if the size of substitutional species is
almost equal to that of parent atomic size, substitutional diffusion would be easier.

Diffusing species

Factors affecting Diffusion

almost equal to that of parent atomic size, substitutional diffusion would be easier.
Thus size of diffusing species will have great influence on diffusivity of the system.

Diffusion is faster in open lattices or in open directions than in closed directions. 

Lattice structure

As mentioned in earlier section, defects like dislocations, grain boundaries act as
short-circuit paths for diffusing species, where the activation energy is diffusion is
less. Thus the presence of defects enhances the diffusivity of diffusing species.

Presence of defects
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Temperature

� Temperature has a most profound influence on the diffusivity and diffusion rates.
It is known that there is a barrier to diffusion created by neighboring atoms those
need to move to let the diffusing atom pass. Thus, atomic vibrations created by
temperature assist diffusion.

� Empirical analysis of the system resulted in an Arrhenius type of relationship
between diffusivity and temperature.

Factors affecting Diffusion

� Where D0 is a pre-exponential constant, Q is the activation energy for diffusion, R
is gas constant (Boltzmann�s constant) and T is absolute temperature.

� From the above equation it can be inferred that large activation energy means
relatively small diffusion coefficient. It can also be observed that there exists a
linear proportional relation between (lnD) and (1/T). Thus by plotting and
considering the intercepts, values of Q and D0 can be found experimentally (see in
next slide for clear understanding).
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Qsurface < Qgrain boundary < Qpipe < Qlattice

Experimentally determined activation energies for Experimentally determined activation energies for diffusion�!diffusion�!Experimentally determined activation energies for Experimentally determined activation energies for diffusion�!diffusion�!

Core of dislocation lines offer paths of lower resistance PIPE DIFFUSION

Lower activation energy automatically implies higher diffusivity

Diffusivity for a given path along with the available cross-section for the path will 
determine the diffusion rate for that path

Diffusion paths with lesser resistance

determine the diffusion rate for that path

1/T  �
L

og
 (

D
) 

 � Polycrystal

Single
crystal

� Increasing Temperature

Comparison of Diffusivity for 
self-diffusion of Ag � Single 
crystal vs. polycrystal

� Qgrain boundary = 110 kJ /mole

� QLattice = 192 kJ /mole
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Solved
Example - 5

Solved
Example - 5

Using the following diffusion data, compute the value of D for the
diffusion of magnesium in aluminum at 400”C.
Do(Mg in Al) =1.2 × 10-4 m2/s Qd=131 KJ/mol
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This problem asks us to compute the magnitude of D for the diffusion of Mg in Al at
400”C (673K).
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Solved
Example - 6

Solved
Example - 6

At what temperature will the difusion coefficient for the diffusion of
zinc in copper have a value of 2.6 × 10-16 m2/s
Do =2.4 × 10-5 m2/s Qd=189 KJ/mol

We are asked to calculate the temperature at which the diffusion coefficient for the
diffusion of Zn in Cu has a value of 2.6 × 10-16 m2/s. Solving for T from below
equation
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By using the given data we can get
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Solved
Example - 7

Solved
Example - 7

The diffusion coefficients for nickel in iron are given at two
temperatures:
At 1473K 2.2 × 10-15 m2/s
At 1673K 4.8 × 10-14 m2/s
a) Determine the values of Do and the activation energy Qd.

b) What is the magnitude of D at 1300”C (1573K)
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From this equation we can compute two simultaneous
equations they are
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Now we can solve Do from this equation ��
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(b) Using these values of Do and Qd, D at 1573K is just
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Concept of random walk

� We related the jump frequency without going into details of the possibility of next jump
after making a successful jump.

� However, we find a very strange fact when we try to relate diffusion coefficient with the
jump distance.

� The diffusion coefficient of carbon in �- iron with FCC structure at 1100°C is in the order of
10-10 m2/s.

� The jump distance can approximately be considered as�x� 10-10 m

� From the relation derived between diffusion coefficient and the jump frequency, we can
write �� 1010 /swrite �� 1010 /s

� This means, atoms change their position in the order of 1010 times per second!

� This number sounds very high, however, if we consider Debye frequency, it sounds
reasonable.

� That means atoms make successful jump one out of 103 attempts only, since vibration
frequency or Debye frequency is roughly in the order of 1013/s.

� Now suppose for the sake of explanation, we consider that atom can jump on a straight line
and always goes forward.

� Then after 1 hour, jump distance will be 10-10 x1010x 60x60 = 3.6 kms! The same after 10
hrs will be 36 kms!
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� However, previously we have seen that the typical diffusion length is in micron.

� This indicates that jump of atom is not linear and possibly many times jumps back to
previous position to have resultant jump distance zero.

� Jump is random, as we are considering the jump of atom without any driving force, the
jump of atoms will be random.

� This must be the reason to find much smaller diffusion length in practice.

� This is the reason to say that when there is no driving force atoms go through a random
walk.

� So we need to relate this random walk with the actual jump distance and the diffusion

Concept of random walk

� So we need to relate this random walk with the actual jump distance and the diffusion
coefficient of atoms.

� This sounds very difficult, but can be done following simple approach, without making too
many assumptions.
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� For the sake of explanation, let us consider first atomic arrangement in two dimension.

� Host atoms are shown as blue balls and the interstitial atom as small red ball.

� As mentioned previously, we are considering very small concentration of interstitial atoms
(one in few thousands voids) and we may assume that no other interstitial atom is present in
the close vicinity.

� Let us consider that the interstitial atom reaches to the point Q from P after certain number
of jumps.

� Now question is after how many jumps one atom will reach to that point.

� One can easily count that there are few paths (shown by red arrows) through which it can

Concept of random walk

� One can easily count that there are few paths (shown by red arrows) through which it can
reach to Q after 14 jumps.

� However, actually, chance is very less that atoms will follow this route.

� It can follow a very torturous long route, as shown by green arrows, to arrive at Q.

� For a number of random jumps, n, the mean distance x, after time �t� is given by

� Hence the diffusion distance is proportional to �t

� Since the jump of atoms is random in nature, there can be huge difference in the number of
jumps that different atoms will make to reach to a particular distance.

tnx νλλ �=

�





� Now let us go back to our discussion on diffusion of carbon in iron.

� We have calculated that the average jump of carbon atoms in g-iron at 1100°C is 1 010 /s.

� If we consider that each jump distance is about 10-10 m, then each carbon atom travels total
distance of 3.6 kilometers in 1 hr .

� However, because of random nature of jump, on average, atoms will travel the effective
distance of

� Note that this is the order of diffusion length we actually see in carburized steel.

mmmmmx µ6006.01010610360010 1061010 ==××=××= −−

Concept of random walk

� Note that this is the order of diffusion length we actually see in carburized steel.
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Diffusion Faster forDiffusion Faster for Diffusion Slower forDiffusion Slower for

Open crystal structures Close packed structures

Lower melting temperature 
materials.

Higher melting temperature 
materials

Smaller diffusing atoms Larger diffusing atoms

Cations Anions

Summary

Cations Anions

Materials with secondary bonding Materials with covalent bonding

Lower density materials Higher density materials
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1. What is the number of atoms in a cubic meter of copper? The gram-atomic weight of copper
is 63.54 gm/mole and the atomic volume of copper is 7.09 cm3 per gram-atom. Next,
compute the number of copper atoms per m3 given that the lattice constant, a, of copper is
0.36153 nm and that there are 4 atoms per unit cell in a face-centered cubic crystal.

2. A diffusion couple, made by welding a thin one centimeter square slab of pure metal A to
similar slab of pure metal B, was given a diffusion anneal at an elevated temperature and
then cooled to room temperature. On chemically analyzing successive layers of the
specimen, cut parallel to the weld interface, it was observed that, at one position, over a
distance of 5000 nm, the atom fraction of metal A, NA, changed from 0.30 to 0.35. Assume

Questions?

distance of 5000 nm, the atom fraction of metal A, NA, changed from 0.30 to 0.35. Assume
that the number of atoms per m3 of bothe pure metals is 9 × 10 28. First determine the
concentration gradient dna/dx. Then if the diffusion coefficient, at the point in question and
annealing temperature, was 2×10 -14 m2/s, determine the number of A atoms per second that
would pass through this cross-section at the annealing temperature.

3. On the assumption that the self-diffusion coefficient of a simple cubic metal whose lattice
constant , a, equals 0.300 nm is given by the equation

Determine the value of the diffusion coefficient at 1200 K and use this to determine the
mean time of stay, �, of an atom at a lattice site.

smeD RT /,10 2/000,2004 −−=
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4. Do you expect any difference in room temperature self diffusion coefficients of Al just
quenched from 6000C to room temperature and the one slowly cooled to room temperature?
Explain.

5. The diffusivity of gallium in silicon is 8×10 -17 m2/s at 11000C and 1×10 -14 m2/s at 13000C.
Determine D0 and Qd for diffusion of gallium in silicon and calculate diffusivity at 12000C.

6. Using the data given below, make a plot of log D versus 1/T, and estimate, by eye, the best
straight line through the points.

Calculate�H and D0 for this line.

Calculate �H and D using a least squares procedure and assuming all error to be in the

Questions?

Calculate �H and D0 using a least squares procedure and assuming all error to be in the
values of D. Plot least squares line on the graph.

7. Concentration of copper in an aluminium slab decreases linearly from 0.4 at % Cu at the
surface to 0.2 at% Cu at 1 mm below the surface. Calculate the flux of copper atoms across
a plane 0.5 mm below the surface at 5000C. Lattice parameter of Al is 0.405 nm.

8. Explain why activation energy for the grain boundary diffusion is lower than the activation
energy for the lattice diffusion.

D (m2/s) 10-12 10-13 10-14 10-15

T(K) 1350 1100 950 800
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9. Derive Fick�s second law from the mass conservation with the help of Fick�s fi rst law.

10. Take derivative of the thin film solution and replace in the Fick�s second law to show the
correctness of the relation.

11. A small amount (M) of component i was deposited in the form of an infinitesimally thin
layer onto another element j. The assembly was then annealed at a constant temperature (T)
in vacuum so that i diffused into j. We need to predict the concentration (Ci) as a function of
depth (x) into the material and time (t). Answer the following question for this diffusion
problem.

a) Write the diffusion equation for Ci

Questions?

a) Write the diffusion equation for Ci

b) Describe the initial condition
c) Describe the boundary condition
d) Describe the constraint on the total mass (M) of the component i.
e) Verify that each of the conditions in (a), (b), (c) and (d) satisfy the following equation 

for Ci. (D is the constant diffusion coefficient at  T).
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12. A binary solid-solid diffusion couple is assembled with two alloys having initial
concentrations of 80 atom% and 20 atom% for component i and annealed at a temperature T
for 1 day. Assuming a constant binary interdiffusion coefficient . of 10-8 cm2/s and constant
molar volume of 8 cm3/mole, calculate the position of the plane having concentration of i to
be 4.8 cm3/mole.

13. A thick steel part with initial carbon content of 0.18 wt% was exposed to a carburizing
atmosphere at 820°C with constant surface concentration of carbon at 0.8 wt%. a) If the
case depth of the carburized steel is taken as the depth at which carbon concentration drops
to 0.4 wt%, determine the time required for achieving a case depth of 0.8mm. Use the

Questions?

to 0.4 wt%, determine the time required for achieving a case depth of 0.8mm. Use the
following data for diffusion of carbon in austenite. What will be the case depth if
carburizing time is doubled?

14. Pure aluminium was quenched from 5000C to 250C to retain all the vacancy concentration.
What should be the self diffusion coefficient for Al at 250C immediately after this
quenching? The enthalpy of migration and vacancy formation for Al are respectively 0.68
eV and 0.72eV. Frequency factor for Al self diffusion is 0.047 cm2/s. Assume no divacancy
concentration.

15. Briefly explain the concept of a driving force. And what is the driving force for steady-state
diffusion?

Activation Energy (Q) (KJ/mol) Frequency Factor (D0) m2/s

136 1×10 -5
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Questions?

16. A steel of eutectoid composition was found to have the lamellar spacing of pearlite to be 2l.
The average thickness of each cementite layer is 2h. This steel was heated to 850° C for
austenitization, which proceeds by diffusion of carbon atoms from cementite into austenite.
Assuming that the transformation of ferrite to austenite does not take much time, derive the
equation for concentration profile of carbon developed in a pearlite colony during the
austenitization. You can assume square wave type initial profile in pearlite with zero%
carbon in ferrite before the dissolution starts. Assume no discontinuity of concentration at
the interface.

Hint i) No flow conditions exists i.e. the concentration gradients are zero at the boundariesHint i) No flow conditions exists i.e. the concentration gradients are zero at the boundaries
and at the middle of the profile i.e. at x = 0, x = l, and x = -l.

Hint ii) If a periodic function f(x) is defined between �l and +l, it can be expresses a s a
fourier series as follows:
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Questions?

17. A thick steel slab with 0.2 wt% carbon concentration is exposed to a carburizing atmosphere
at 900°C. Carbon concentration at the surface of the slab is kept constant at 1. 3 wt%. Case
depth is considered as the depth from the surface at which carbon concentration drops to 0.6
wt%. (See the error function tables and the interdiffusion data for C in steel given at the
end).

a) Calculate the time required for achieving a case depth of 0.5mm
b) What should be the temperature of carburizing if the same case depth is required to be

achieved in exactly half the time
c) At 900° C, a particular plane of composition C� was observed to be at a depth of 0.7mmc) At 900° C, a particular plane of composition C� was observed to be at a depth of 0.7mm

at the end of carburizing cycle. What should be the position of the plane C� after
double the carburizing time at 900°C?

18. A sheet of steel 2.5 mm thick has nitrogen atmospheres on both sides at 9000C and is
permitted to achieve a steady-state diffusion condition. The diffusion coefficient for
nitrogen in steel at this temperature is 1.2×10-10m2/s, and the diffusion flux is found to be
1.0×10-7kg/m2-s. Also, it is known that the concentration of nitrogen in the steel at the high-
pressure surface is 2 kg/m3. How far into the sheet from this highpressure side will the
concentration be 0.5 kg/m3? Assume a linear concentration profile.

19. If iron is kept at 1200
K in a carburizing atmosphere for 8hrs to obtain a carbon
concentration of 0.75 at a depth of 0.5mm. Find the time it would take to reach same carbon
concentration at depth of 7.5mm at 1250
K. (Given D0 = 0.2x10-4 m2/s & Q =
143kJ/mole/
K) ���



Questions?

20. The concentration of carbon on the surface of iron is maintained at 1.00% at 1175
K for
2hours. Estimate the depth at which % C would be 0.5%. Use the diffusivity values given
D0 = 0.2x10-4 m2/s & Q = 143kJ/mole/
K. Assume initial carbon content of iron to be
negligible.
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� Let us start understanding phase transformations using the example of the solidification of a
pure metal.

� Three states of matter are distinguishable: gas, liquid, and solid

� In the gaseous state the metal atoms occupy a great deal of space because of their rapid
motion. The atoms move independently and are usually widely separated so that the
attractive forces between atoms are negligible. The arrangement of atoms in a gas is one of
complete disorder.

� At some lower temperature, the kinetic energy of the atoms has decreased so that the
attractive forces become large enough to bring most of the atoms together in a liquid. And

Introduction

attractive forces become large enough to bring most of the atoms together in a liquid. And
there is a continual interchange of atoms between the vapor and liquid across the liquid
surface.

� The attractive forces between atoms in a liquid may be demonstrated by the application of
pressure. A gas may be easily compressed into a smaller volume, but it takes a high pressure
to compress a liquid. There is, however, still enough free space in the liquid to allow the
atoms to move about irregularly.

� As the temperature is decreased, the motions are less vigorous and the attractive forces pull
the atoms closer together until the liquid solidifies. Most materials contract upon
solidification, indicating a closer packing of atoms in the solid state.

� The atoms in the solid are not stationary but are vibrating around fixed points, giving rise to
the orderly arrangement of crystal structures. ���



� Crystallization is the transition from the liquid to the solid state and occurs in two stages:

� Nuclei formation

� Crystal Growth

� Although the atoms in the liquid state do not have any definite arrangement, it is possible
that some atoms at any given instant are in positions exactly corresponding to the space
lattice they assume when solidified.

� These chance aggregates or groups are not permanent but continually break up and reform
at other points.

� The higher the temperature, the greater the kinetic energy of the atoms and the shorter the

Mechanism of Crystallization

� The higher the temperature, the greater the kinetic energy of the atoms and the shorter the
life of the group. When the temperature, of the liquid is decreased, the atom movement
decreases, lengthening the life of the group, and more groups will be present at the same
time.

� Atoms in a material have both kinetic and potential energy. Kinetic energy is related to the
speed at which the atoms move and is strictly a function of temperature. The higher the
temperature, the more active are the atoms and the greater is their kinetic energy. Potential
energy, on the other hand, is related to the distance between atoms. The greater the
average distance between atoms, the greater is their potential energy.
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� ∆Hfusion

� ∆Hd ≈∝ Log [Viscosity (η)]

Crystallization favoured by

High � (10-15) kJ / mole

Low � (1-10) Poise

Metals

Thermodynamic

Kinetic

2
* 1

fusionH
G

∆
∝∆

Mechanism of Crystallization

Enthalpy of activation for 
diffusion across the interface

Difficult to amorphize metals

Very fast cooling rates ~106 K/s are used for the amorphization of alloys 
� splat cooling, melt-spinning.
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Thermal Arrest

T/t = cooling rate

Te
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Equilibrium 
Freezing 

Temperature

Pouring Temperature

Su
pe
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t

When metal is poured into the mould,
the temperature will be as high as its
inversion temperature.

Solidification (or) Freezing

Thermal Arrest

Te
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Time  �

Total Solidification time

Local Solidification time

It gets cooled when poured into the
mould and molten metal in the liquid
form will solidify. This time is called
local solidification time

The solidified metal in the mould (
called casting) gets cooled in the mould
to the temperature of the surroundings
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Solid (GS)

G
  �

∆Gv

Liquid stableSolid stable

∆G � −ve

Driving force for solidification

� In dealing with phase transformations, we are often
concerned with the difference in free energy
between two phases at temperatures away from the
equilibrium temperature.

� For example if a liquid metal is under cooled by
�T below Tm before it solidifies, solidification will
be accompanied by a decrease in free energy �G
(J/mol) as shown in figure.

� This free energy decreases provides the driving

Liquid (GL)

Tm

∆T
∆G � +veUndercooling 

force for solidification. The magnitude of this
change can be obtained as follows.

� The free energies of the liquid and solid at a
temperature T are given by

SSS

LLL

TSHG

TSHG

−=

−=

Therefore, at a temperature T STHG ∆−∆=∆

Where SL HHH −=∆ and SL SSS −=∆
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Driving force for solidification

� At the equilibrium melting temperature Tm the free energies of solid and liquid are equal,
i.e., �G = 0. Consequently

� And therefore at Tm

� This is known as the entropy of fusion. It is observed experimentally that the entropy of
fusion is a constant � R (8.3 J/mol . K) for most metals (Richard�s rule).

� For small undercoolings (�T) the difference in the specific heats of the liquid and solid (

- ) can be ignored.

0=∆−∆=∆ STHG m

mm T

L

T

H
S =∆=∆

L
pC

SC

��

- ) can be ignored.

� Combining equations 1 and 2 thus gives

� i.e., for small �T

S
pC

mT

L
TLG −≅∆

mT

TL
G

∆≅∆
This is called Turnbull�s approximationThis is called Turnbull�s approximation
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� In a pure metal at its freezing point where both the liquid and solid states are at the same
temperature. The kinetic energy of the atoms in the liquid and the solid must be the same,
but there is a significant difference in potential energy.

� The atoms in the solid are much closer together, so that solidification occurs with a release
of energy. This difference in potential energy between the liquid and solid states is known
as the latent heat of fusion.

� However, energy is required to establish a surface
between the liquid and solid. In pure materials at the
freezing point insufficient energy is released by the

Cooling Curve for a pure metal

Solidification of pure metal : Supercooling

freezing point insufficient energy is released by the
heat of fusion to create a stable boundary, and some
under cooling is always necessary to form stable
nuclei.

� Subsequent release of the heat of fusion will raise
the temperature to the freezing point. The amount of
undercooling required may be reduced by the
presence of solid impurities which reduce the
amount of surface energy required.

Under coolingTe
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� When the temperature of the liquid metal has dropped sufficiently below its freezing point,
stable aggregates or nuclei appear spontaneously at various points in the liquid. These
nuclei, which have now solidified, act as centers for further crystallization.

� As cooling continues, more atoms tend to freeze, and they may attach themselves to
already existing nuclei or form new nuclei of their own. Each nucleus grows by the
attraction of atoms from the liquid into its space lattice.

� Crystal growth continues in three dimensions, the atoms attaching themselves in certain
preferred directions, usually along the axes of the crystal this gives rise to a characteristic
treelike structure which is called a dendrite.

Solidification of pure metal

treelike structure which is called a dendrite.

� Since each nucleus is formed by chance, the crystal axes are pointed at random and the
dendrites growing from them will grow in different directions in each crystal. Finally, as
the amount of liquid decreases, the gaps between the arms of the dendrite will be filled and
the growth of the dendrite will be mutually obstructed by that of its neighbors. This leads
to a very irregular external shape.

� The crystals found in all commercial metals are commonly called grains because of this
variation in external shape. The area along which crystals meet, known as the grain
boundary, is a region of mismatch.
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� This mismatch leads to a noncrystalline (amorphous) structure at the grain boundary with
the atoms irregularly spaced.

� Since the last liquid to solidify is generally along the grain boundaries, there tends to be
higher concentration of impurity atoms in that area. Figure (previous page) shows
schematically the process of crystallization from nuclei to the final grains.

� Due to chilling action of mold wall, a thin skin of solid metal is formed atthe wall surface
immediately after pouring.

� Grain structure in a casting of a pure metal, showing randomly oriented grainsof small size
nearthemoldwall, andlargecolumnargrainsorientedtowardthecenterof thecasting.

Solidification of pure metal

nearthemoldwall, andlargecolumnargrainsorientedtowardthecenterof thecasting.
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